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Introduction

The main focus of this work is going to be the Hille-Yosida theorem, which, as we
will see, is a very powerful tool in solving evolution partial differential equations. The
material is organized as follows. Chapter 1 presents the background material needed
for the treatment in the subsequent chapters. In Chapter 2, we present the Hille-
Yosida Theorem and related results and offer detailed proofs. Finally, in Chapter 3,
we investigate applications of the Hille-Yosida theorem to some real word phenomena.
We prove existence, uniqueness and regularity of solutions of the Heat equation, the
Wave equation, and the linearized equations of coupled sound and heat flow. For the
proofs of most of the results established in Chapter 1, relevant references are cited

wherever needed. The subsequent chapters are self-contained.
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Chapter 1

Preliminaries

This chapter is going to be our toolbox of important concepts and results that we

will use time and again throughout the course of this Thesis.

1.1 Maximal monotone operators and their
properties

Here we will only consider single-valued operators but to account for the general case
of multi-valued operators, a good way to define an operator A on a set X is to simply
consider A as a subset of the Cartesian product X x X. Then we can define the

domain of A as
D(A) = {u € X|3v such that [u,v] € A}.

We use the notation [u,v] to denote an element of the Cartesian product so as not

to confuse with a scalar product which we will denote by (+,-). Note that for a single
valued operator A, D(A) = {u € X|3v € X such that Au = v}. We also define the

range of A as

R(A) = ] Au

ueD(A)
For the case of single valued operators Au can be considered as the singleton set
{Au}.

Henceforth, we will only focus on operators defined on a real Hilbert space, H.

Definition. An operator A on a Hilbert space H is called monotone if

(yo —y1,20 — 1) >0V [21,y1], [22, y2] € A.
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Note that for a single valued linear operator A, it is monontone if (Au,u) > 0 Yu €
D(A).

Definition. An operator A on a Hilbert space H is called maximal monotone if:

(i) A is monotone.
(ii) A has no proper monotone extension. That is, for any monotone operator

ACHxHif ACA, then A=A

Theorem 1.1.1 (G. Minty). Suppose A : D(A) C H — H is a monotone operator.
Then A is maximal monotone iff R(A+ 1) = H.

This is a very important result used in identifying maximal monotone operators.

In fact, sometimes, this is taken as the definition of maximal operators.

Proposition 1.1.2. Let A be a linear maximal monotone operator. Then we have:

(i) D(A) is dense in H;
(ii) A is a closed operator;
(iii) (I + AA) is a bijection from D(A) onto H for every A > 0. Moreover,
(I +\A)~!is a bounded operator and H([ + )\A)_lHE(H) <1.

Remark 1.1.1 We see from Theorem 1.1.1 that the following are equivalent:

(i) A is a maximal monotone operator.

(ii) AA + I is surjective for all A > 0.

(iii) AA + I is surjective for some A > 0.

That is, A is maximal monotone iff AA is maximal monotone for some A > 0; iff AA

is maximal montone for all A > 0.

It also holds that A+ Al is surjective for some some A > 0 if and only if A is maximal

monotone.

Definition. Let A be a maximal monotone operator. For every A > 0, we define the

following operators:

1
Jy= T+ 24, Ay = X(I—JA).
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Jy is called the resolvent, and Ay, the Yosida approximation of A. Note that D(J,) =
D(Ay) = H, R(J)) = D(A) and if A is linear, then [|Jy[| ;) < 1.

The resolvent and Yosida approximation (named after Kosaku Yosida) have many
useful properties that make them an invaluable tool in proving the Hille-Yosida The-

orem (Theorem 2.1.3). We list some of their properties as follows.

Proposition 1.1.3. Let A be a linear maximal monotone operator. Then we have
the following:

(i) Ayv = A(Jyv) VoveH, YA>0,

(i) Ayv = Jy(Av) VveD(A), VA>0,

(ili) [Axv] < |Av| VveD(A),Y A>0,

(iv) limy o Jyv = v VoveH,

(v) limy 0 Ayv = Av Vv € D(A),

(vi) (Ayv,v) >0 Yve HV A>0,

(vii) [Anv] < $]v] Yo e HV A>D0.

For further reference regarding the material of this section, see [2], [1].

1.2 L” spaces

Let us denote R = (—00,00); N ={0,1,2,---}. Let X be a real real Banach space
with the norm |||y and @ C RY for some integer N > 1 be a Lebesgue measurable

set.

Definition. Let 1 < p < oco. Then we define LP(Q; X) as the space of all equivalence
classes of (strongly) measurable functions f : © — X such that z — | f(z)|% is

Lebesgue integrable and the equivalence relation is equality a.e on 2.

In general when we write, u € LP(€; X), we mean u is a representative of the
equivalence class of functions that agree with u a.e on . LP(€); X) is a real Banach

space witht he norm

ol = ( [ Il )
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For p = oo, we define L>®(€); X) as the space of equivalence classes of measurable
functions f : Q@ — X such that z — || f(2)||y is essentially bounded. L*(€; X) is a

real Banach space with the norm
[l oo 0y = esssup [Ju(z)] x -
e
When X = R, we use the notation LF(Q2). If Q = (a,b) C R, we write L?(a,b; X).
For more background material regarding this section , see [2].
1.3 Sobolev spaces

In this section, we will define Sobolev spaces. First, we establish some notations.
Here, we assume () is a non-empty open subset of RY. We denote by C*(Q2) the space
of functions that are continuous on €2 and have continuous partial derivatives up to
order k. We also define:

C>*(Q) ={¢ € C()|¢ has continuous partial derivatives of any order} ,
C(Q) ={¢p € C*(Q)|supp ¢ is compact in Q},

where supp ¢ = {x € Q | ¢(x) # 0}. Let 1 < p < 0.

Definition. The Sobolev space W?(Q) is defined as

g1, go, ..., gy € LP(QY) such that }
W(Q) = du e LP(Q) |7V 92 o .
( ) { ( ) fgugml:_fggzgpa VSOECC (Q)> VZ:L ,N
For u € W'?(Q), we define g—; = g;. This definition makes sense since g; is unique

a.e (this follows from the fact that [, fo =0Vp € C*(Q) = f=0a.con Q). Here

v denotes the weak derivative.

For p = 2, we write, H'(Q) = W'%(Q). The space W'?(Q) equipped with the norm

N loul” \?
||UHW1,p = HUHZ) + Z B for 1 <p< o
i=1 tiLp
and
N 1 ou
ol =l + 3 [ 52 forp= oo
i=1 vITLee

5
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is a real Banach space. The space H'() is equipped with the scalar product

N ou ow
(u,v) g = (u,v)pz + g <—, —)

H'(Q) is a real Hilbert space with this scalar product and the associated norm is

lull = ( Lo+ \wﬁ) |
(9] (9]

Remark 1.8.1. 1f uw € CH(Q) N LP(Q), and if §* € LP(Q) for all i = 1,--- | N (here

83;‘_ denotes the partial derivative in the usual sense), then v € W1#(€Q) and the usual

partial derivatives coincide with their Sobolev counterparts. So our notations are

consistent.

Definition. For integers m > 2 and 1 < p < oo, we define the Sobolev space
W™P(Q) inductively as follows:

ou
(9%

cWmP(Q) Vi=1,--- ,N} :

Wme(Q) = {u e Wmlr(Q)

Equivalently, we can define:

Va, with |o| < m,3g, € LP(2) such that }
JouD% = (=) [ gap, Vo € C2(Q). [~

where we use the standard multi-index notation o = (v, g, -+ ,ay) with a; > 0,

Wmr(Q) = {u € LP(Q)

an integer and |a| = SV, a; and

ool

Drp=—2%
LA T

We denote D%u = g,,, and as before, this is well-defined. The space WP (2) equipped

with the norm

B =

1wl yyme = Z HDQUHiP for1 <p<oo

laf<m
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and
[wllyyme = Z | D%l ;o0 for p =00

|a|<m

is a real Banach space. We write H™(Q) = W™2(Q). The space H™({)) equipped

with the scalar product

(u,v)gm = Z (D%, D*v) 2

|laj<m

is a real Hilbert space.

Definition. Let 1 < p < co. The Sobolev space W;"?(Q) is defined as the closure
of C*(Q2) in W™P(Q). More precisely, u € Wi"P(Q) iff 3 a sequence of functions ,
u, € CZ(Q) such that ||u — uy||ym, — 0.

As before, we write Hy"(Q) = W% (Q).

Remark 1.3.2 Consider Q = RY. Then I' = 9Q = RV~ x {0}. In this case it can
be shown that the map u — u|p defined from C°(RY) into L?(T") extends by density
to a bounded linear operator from W?(2) into LP(T"). The operator is defined to be
the trace of v on I' and it is also denoted by u|r.

Now if € is a regular open set in R, e.g., if Q is of class C* with I' = 99 bounded,
then it is possible to define the trace of a function u € W1P(Q) on I' = 99Q. In this
case, u|p € LP(T") (for the surface measure do).

One important result regarding the trace is as follow: the kernel of the trace
operator is W, (), that is,

WoP(Q) = {u e W' (Q) | ulr =0}.

For further reference, see [11], [2].



CEU eTD Collection

1.4 Open sets of class C™

First we denote the following sets:

RY ={z = (21,..,ay) € RN | 2y > 0},
N-1

Q= {r = (or,rn) €RY | ()2 < 1, Jaw| < 1,

=1

Q+:R-]|\-TQQ7

N-1

Qo= {(z1, ... zv-1,0) € RV | (D a})'? < 1}.

i=1
Definition. An open set € is said to be of class C! if for every z € I' = 952, there
exists a neighborhood U, of z in RY and a bijective map H : ) — U, such that
He Q).
H' e CcY(U,),
H(Q:)=U,NQ,
H(Qo) =U, NT.

Definition. Similarly, an open set €2 is said to be of class C™ for an integer m > 1

if for every € I' = 99, there exists a neighborhood U, of x in RY and a bijection
H : () — U, such that

He™Q),
H™' e Cc™U,),
H(Q+) =Us N1,
H(Qy) = U, NT.

) is said to be of class C*° if it is of class C™ ¥m & N.

Remark 1.4.1 For an open set  C RV, we say that the boundary I' = 99 is C¥, if
for every x € T', Ir > 0 and a C* function v : R¥=! — R such that we have (after

possibly relabeling and reorienting the coordinate axes)
QN B(x,r)={x € B(x,r)|lzy > y(x1, - ,xn-1)}.

Likewise I is class C™, if it is C*, Vk € N.
This definition for I' to be of class C* and that for an open set,  of class C* are

equivalent. See [5] for further reference.
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1.5 Sobolev embedding theorems

In this section we will state some useful results regarding continuous injections of
Sobolev spaces to some LP spaces. We will need these results later on. We suppose
here that Q C R¥ is an open set of class C' and I' = 9 is bounded, or else that
Q=RY.
Theorem 1.5.1. Let 1 < p < co. Then the following hold:

Whr(Q) C L9(Q2), where é =

%—% if p < N,

Whr(Q) € LY2), V g€ [p,+) ifp=N,
Whr(Q) C L>(Q), if p> N,

where all the above injections are continuous. Furthermore, if p > N, we have,
VueWhr(Q),

u(z) —u(y)| < Cllullyrp e —yl*  foraex,ye

where a = 1 — % and C depends only on Q, p and N. In particular, WHP(Q) C

C(Q) (this inclusion is modulo the choice of a continuous representative).

Theorem 1.5.2. Let m > 1 be an integer and 1 < p < oco. Then the following hold:

if ;=% >0,

m
N

Wmr(Q) C LY(S2), where % = %
Wrr(Q) C LQ), Vg€ lptoo) i, K =0,
WmP(Q) C L*®(Q), if 5 —% <0,

where all the above injections are continuous. Furthermore, if m — % > 0 s not an

integer, set k = [m - %] and  =m — % —k (0<60<1). Then Yu € W™P(Q),
ID%ul o < C lullyms ¥ 0 with Ja] <
and
|D*u(z) — D*u(y)| < C ||wllyyms |z —y|® for a.e 2,y € RY Va with |a| = k.
In particular, if m — N/p > 0 is not an integer, then

WmP(Q) c C*(Q), where k = [m - E}
p

and C*(Q) = {u € C*(Q) | D*u has a continuous extension on Q, Yo with |a| < k} .

9
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Proofs. (c.f. [2] , [5]) |

Corollary 1.5.3. Given any k € N, there exists an integer m > k such that

Wm™2(Q) c C*(Q) and this inclusion is a continuous injection.

Proof. if Q@ € RY, where N is odd, then for sufficiently large m > %, we have that
m—4% > 0is not an integer and it follows from Theorem 1.5.2 that W™2(Q2) C C*(Q).
Now if N is even, choose m; = %, an integer. Then it follows from Theorem 1.5.2,

that
W™2(Q) C LY(Q) is a continuous injection (1.5.1)

for some irrational ¢ > 2. Now let’s choose an integer my = [k; + %] + 1. Then

my — & > 0 is not an integer and by Theorem 1.5.2 with k = |[my — ¥,
q q
Wm4(Q) c C*(Q) (1.5.2)

is a continuous injection. Now, since W™2(Q2) C L4(f),

ou
8:172-

€ LYQ), Vi=1,.. N

u € WmHh2(Q) = {u e Wm2(Q) |

= u € L1(Q), gu

c Wm™2(Q), Vi= 1,...,N}

L

Therefore, u € W14(Q), that is, W™ 12 C WH9(Q). Also note that W™ +12(Q) C

Wm2(Q) C L(Q), where each injection is continuous. Now,

lulfymsre = llulfymea + D> [1Dull7: (1.5.3)
|a|l=m1+1
N PN
= fulz+> " > D (a )
4_ T L2
=1 |o¢|§m1
N1 ou ||
2
_ 1.5.4
i+ 3 g (154
Therefore,
[[llyyrm412 — 0
= |ullymi2 = 0 (from (1.5.3))
= |ull,, =0 (from (1.5.1))

10
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Again,

[[w]lyyrmy+1.2 — 0
ou

= — 0 f 1.5.4
et (rom (15.1)
2l Lo (from (1.5.1))
rom (1.5.
axi La
for i = 1 to N. But [jull,, — 0 and ‘% — 0V i¢=1to N together imply
||l La

|ull e — 0. Thus, W™ +2(Q) € W4(Q) is a continuous injection.

Proceeding inductively, and using a similar argument as above, we can show
that Wm™+h2(Q) ¢ Whi(Q) for any integer [ > 1. Then taking | = ms, we have,
Wrmitm2q(Q) C W™24(Q)) is a continuous injection. And from (1.5.2), it follows that

WmEme2(Q) ¢ CF(Q)

is a continuous injection.Thus given any k € N, if we take m > m; + my = % +
[k: + ﬂ +1,
Wwm(Q) c C*Q)

is a continuous injection.

1.6 Green’s identity for Sobolev Spaces

We define the gradient and the Laplacian for Sobolev functions as follows:

ou ou
pr— d p— — ... [
Vu = grad u (8:161’ ’axN>’
N
J%*u
AU, = 8_1‘12,

=1

where all the partial derivatives are in the Sobolev sense. For example, Au =

N 92y N
Zi:l 922 — Zi:l gi, where

0 /
u=——7= [ gip VY pelCr(Q).
/Q el R Q)

Clearly, Vu makes sense for v € H'(Q2) and Au makes sense for u € H?(Q). If in
addition v € C*(Q), by Remark 1.3.1, Vu (in the usual classical) sense coincides

with its Sobolev counterpart. It’s important to note here that Sobolev functions

11
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are considered equal if they agree a.e. Similarly, if u € C?(Q) then Au (in the
usual classical sense) coincides with its Sobolev counterpart. So our notations are
consistent. Also note that both V and A are linear operators.

Green’s identity for Sobolev functions is stated as follows:

Theorem 1.6.1. For any u € H*(Q) and v € H'(Q), we have

/ Vu- Vv + / vAu = / v(Vu - i)do (1.6.1)
Q Q 1)

where 1 is the outward pointing unit normal on the surface element do.

Proof. We know that (1.6.1) holds for u € C?*(Q) and v € C'(Q) in which case
Vu, Vv, Au coincide with their usual classical counterparts. This identity can be
extended to Sobolev spaces if both sides are continuous wrt the Sobolev norm. We
will make use of the fact that if two continuous functions agree on a dense subset,
then they agree everywhere.

Note that for linear expressions like u — [, Vu or bilinear like (u,v) — [, uVv,

continuity and boundedness are equivalent. Note that

‘/"UAU
Q

Similarly, it can be shown that fQ Vu-Vuv is bounded. Thus the left hand side of 1.6.1
is continuous on H?(Q) x H*(€2). For a regular open set @ C R¥(for example, 2 is of
class C' and T = 99 is bounded), the trace operator is bounded from H'(Q) — L*(T),
and thus,

< lvllg2 [[Aulf L2 (by C-S inequality)

< Cloll g ull = -

< HUHL2(F) “v“HL?(F)

/F o(Vu - 7)do

< Gy l[oll g llull g -

That takes care of the RHS. [ |

Note that in the case when v € H}(Q) and u € H*(Q), Green’s identity reads

/ Vu- Vv + / vAu =0 (1.6.2)
Q Q
because v € Hg(Q) = v|, = 0.

12
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1.7 Variational formulation of the Dirichlet
boundary value problem for the Laplacian

In this section we set up the variational formulation of the Dirichlet boundary value
problem for the Laplacian and state some important results that we will use time and
again later. Let Q C R be an open set. We are looking for a solution v : Q — R of
the problem
—Au+u=f inQQ
{ u=0 onlI =090 (1.7.1)
for a given function f. The condition v = 0 on I' is called the (homogeneous) Dirichlet
condition. Here Au =YV, giz?.
A classical solution of the above problem is a function u € C2(2) that satisfies
(1.7.1). A weak solution of the problem is defined to be a function u € H}(Q2) such

that
/Vu-Vv—l—/uv:/fv Vv e Hy(9).
Q Q Q

Note that if u € Hj () then u|, = 0 and the boundary condition is incorporated in
the definition.
It can be shown that a classical solution is also a weak solution. We have the

following theorem that deals with the existence and the uniqueness of a weak solution.

Theorem 1.7.1 (Dirichlet, Riemann, Poincare-Hilbert). Given any f € L*(Q), 3 a
unique weak solution u € HL(Q) of (1.7.1). The unique solution is given by

: 1 2 2 /
i 3 [P0 [

Proof. (cf. [2], [5]) |

It can be further shown that if the weak solution u € H}(f) is also in C*(Q) and Q
is of class C!, then the weak solution actually turns out to be a classical solution.

(A similar treatment can be done for the Neumann boundary problem

—Au+u=f in T,
ou
an "

13
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where % = Vu - i, 1 being the outward pointing unit normal vector to T').

The next theorem deals with the regularity of the weak solution for the Dirichlet

problem.

Theorem 1.7.2. Suppose Q2 is of class C* and ' = 99 is bounded or else @ = RY.
Let f € L*(Q) and u € Hj () satisfy

/Vu~V<p—|—/ug0:/f<p Vo € Hy(Q).
Q Q Q

Then uw € H*(Q) and ||ul 2 < C||f|l;2 where the constant C depends only on .
Moreover, if Q is of class C™*? and f € H™(Q), then u € H™2(Q) and ||u| gmsz <

C A -

Furthermore, if m > & and f € H™(Q), then v € C*(Q). And if Q is of class

C>, and f € C>(Q), then u € C>().

Proof. (cf. [2]) |

Corollary 1.7.3. Consider the unbounded linear operator A : D(A) C H — H,

where

D(A) = HX(Q) N HA(Q),
Au = —Au.

Then A is a maximal montone operator.(Here Au = Zf\il % in the Sobolev sense.)

Proof. Note that by Theorem 1.7.1 and Theorem 1.7.2, it follows that given any f €
L3(Q2), 3 a unique v € H*(Q) N H(Q) such that —Au+u = f, that is, (A+u = f.
So, R(A+ 1) = H = L*(Q). A is also monotone and therefore, by Minty’s Theorem

A is maximal monotone. [ |

Remark 1.7.1. We saw that —A : H*(Q) N Hy(Q) — L*(Q) is a mazimal monotone
operator. Then by Remark 1.1.1, we have that —A + X is a bijection from H?(2) N

14
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H(Q) onto L*(Q), YV A > 0. Then for any f € L*(Q),3 a unique u € H*(Q) N H(Q)
such that (—A + X)u = f, that is, —Au+ u = f.

Remark 1.7.2. On the other hand, suppose u € H*(Q) N HY(Q). Then 3 a unique
f = fu€ L*Q) such that —Au+u = f,. And by Theorem 1.7.2, we have

[ull o < Clfull 2
for some constant C' that depends only on 2. Putting f, = —Au + u, we have
2 2 2 2
lullfe < C% | =Au + ull72 < 2C% (|Aul72 + [[ullz:) -

Furthermore if, w € H*2(Q), we have Au € H*(Q). In this case, f, = —Au+u €
H*(Q). Suppose Q is of class C*™2. Then by Theorem 1.7.2, we have |u| yri> <
C |\ fullgr- Therefore, putting f, = —Au+ u,

2 2 2
lull e < 2C% ([ Aullze + [lull) -

15
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Chapter 2
Hille-Yosida Theorem

In this chapter, we will state and prove the central theorem of the thesis, viz. the Hille-
Yosida Theorem, named after the mathematicians Einar Hille and Kosaku Yosida who
independently discovered the result around 1948. We will establish some results first
along our way to the proof. Many of the results will be applied in the final chapter.
We will adapt the proofs presented in [2] and offer detailed explanations wherever

necessary.

2.1 Existence and uniqueness of solution to the
evolution problem £ + Au = 0 on [0,+00) with
initial data u(0) = wy

We begin with the following general result:

Theorem 2.1.1 (Cauchy-Lipschitz-Picard). Let E be a Banach space. Let F : E —
E be a Lipschitz map with Lipschitz constant L, that is,

[1F(u) = F)]| < Lllu=vl| Yu,v e E

Then for every ug € E , there exists a unique solution, u to the problem:

du

i F(u(t)), on [0,+00) (2.0.1)
u(0) = ug

such that u € C'([0, +00); F).

Proof. Note that, finding a solution u € C'([0,+o0); E) to the above problem is
equivalent to finding a solution u € C([0, +00); F) of the following equation:

() = uo + /0 ' F(u(s))ds, £ > 0. (2.0.2)

16
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First we will define an appropriate Banach space of functions, X. Let

X = {u € O([0,+00); E) | sup e *|u(t)|| < oo}

te[0,+00)

where k is a positive constant that we will fix later. We will now check that X is
indeed a Banach space for the norm
—th
lull x = sup e ™ [u(t)]]
t€[0,400)
Consider any Cauchy sequence (u,) € X. That means, given any ¢ > 0 , 3N,
such that Vm,n > N,

|t — um ||y <€
For some fixed ¢, take ee=* > 0. Since {u,} is a Cauchy sequence, IN = N, such

that Vm,n > N,

|t — um |y < ce”tk

= sup e [|up (t) — un (£)]| < ee™™
t>0

= e |up(t) — upm(t)]| < ee”™ ¥t >0

= [[un(t) — um ()] < €,Vt > 0.

This holds for any € > 0. That is, {u,(t)} is a Cauchy sequence in E. Since E is a
Banach space, this means {u,(t)} converges to some point in E. Let’s denote it by
u(t) That is,

u(t) == lim w,(t).

n—oo

Now we show that the function u defined as above is in X. Since {u,(t)} converges

to u(t) , there exists N; such that for all n > Ny,
[ut) —un ()] < €/3.
Similarly, since {u,(to)} converges to u(ty), there exists Ny such that for all n > Ny |

|u(to) — un(to)]| < €/3.

Note that u,, is continuous. Therefore, given € > 0 , there exists 6 > 0 such that

[tm (£) = un(to) || < €/3.
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whenever |t — to| < §. Now take n > max(Ny, N3). Then, whenever |t — to] < J, we

have,

[[u(t) — ulto)

< ult) = un(t) + un(t) = un(to) + un(to) — ulto)]|

< u(t) = un () + lun(t) — un(to) || + lun(to) — ulto)|
<e€/3+¢€¢/3+¢/3

= €.

Thus we showed that u : [0,4+00) — FE is continuous, that is, u € C([0, +00); F).

Now, for a fixed ¢, and for any € > 0, choose n large enough such that ||u(t) — u, ()| <
e. Note that u, € X implies that sup,so e~ |lu,(t)|| < co. That means IM > 0 such
that e ||u,(t)|| < M,V t > 0. That is,

|un(t)]| < Me™.
Therefore,

[u(®)]] = [[u(t) — un(t) + un(t)]]
< JJu(t) = un (6] + [[un (D)
< e+ Me* Ve > 0.

This implies |lu(t)|| < Me®™. The choice of t was arbitrary, so it holds for all ¢ > 0.
Thus, for all t > 0, e”™ ||u(t)|| < M, that is, sup,>g e ™ |Ju(t)|| < co Thus, we have
shown that v € X.

Next we show that ||u, —ul|y — 0. Since u, is a Cauchy sequence in X, given

€ > 0, there exists N, such that V. m,n > N, ,

|tn — um“X <€

= supe™" [[un(t) — um(t)]| < e
t>0

= ||Jun (t) — um(t)|| < ee™ ¥V ¢t > 0.
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Taking the limit as m — oo, we have

|un(t) — u(t)]| < ee™, Vt>0Vn> N,
= supe” " |lun(t) — u(t)]| < e Vn > N,
>0
= ||lu, —ully <€ Vn> N..
That is,

lun = ullx =0

This concludes the proof that X is Banach with the norm ||-|| .

Now let us define a function ® : X — X by

¢
(Du)(t) = ug +/ F(u(s))ds
0
We claim that ®u € X. Note that

o + /tF(u(s))ds

[(@u) (D) =

<ol + [ IP(a(s) = Plao) + Flun)] ds
SMN+AHNMW—FwM%+AHNwW%

t
SMN+L/HM@—uﬂ%+ﬂWWM!
0

t
< luoll+ Ltfuol + 2 [ Ju@lds+¢[Fuo).  (203)
0
Now we derive some inequalities.
t t
L/ lu(s)| ds = L/ e ke |lu(s) || ds
0 0
t
< Lljullc [ etds
0
('since e™** [lu(s)|| < sup;s e [[u()[| = [lullx )
(e™ —1)
< L ully — (2.0.4)
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From (2.0.4) we can derive,

t tk
—1
L[t ds = et ul
0
(1 —et)
=L A
Jull 1=
L
< E . (205)
We also have,
™" Jluo|| < Jluoll - (2.0.6)
Note that e* > tk. So, e7™* < 1/tk. Therefore,
1
e Lt [luo|| < Lt ol
L
= 7 lluoll- (2.0.7)

Also, we have

1
e M| F(up)| < ot | F(uo)

= L IF(o)] (208)

Finally, combining (2.0.3), (2.0.5), (2.0.6), (2.0.7), (2.0.8), we get
@O < ol + = ol + Z g+ FIF@l (=0
:>Stl>l%) e |(Du) (1) < oo (2.0.9)

Next we show that (®Pu) € C([0,+00); E). Let g(t) = fot F(u(s))ds. Note that g(t) is

continuous. That is,

lim [|g(¢) — g(to)|| = 0. (for any ¢ty > 0)

t—to

Therefore,

lim [|(Du)(t) — (Pu)(to) ||

t—to

= lim [|g(t) — g(to)]]

t—to

= 0.

This together with (2.0.9) helps us conclude that ¢u € X.

Furthermore, we claim that
L
1P = ol < o llu—v].
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Indeed, note that

e [[(@u)(t) — (Pv)(t)]| = e

< etkL/O lu(s) — v(s)]| ds

%Lée ke lu(s) — v(s)|| ds

t
Se_tkLHu—vHX/ e*ds
0

tk_l
— L= ol e [

(1 —e )

L
< Zlhu—vly.

Taking sup;>, of the left side, we obtain

L
| @u — Bl < 7 lu = vl

4(F@@»—F@@»Ms

(2.0.10)

Taking any k£ > L, we see from (2.0.10) that ® : X — X is a contraction map. Thus

from Banach’s Fixed Point Theorem, we get that ® has a unique fixed point. Denote

it by u. Then v = ®u. That is,

u(t) = (Pu)(t) = uop +/O F(u(s))ds.

But then clearly, u is a solution of (2.0.1) with u(0) = uy. This proves the existence

part.

Now we prove uniqueness. Suppose u and u are two solutions to (2.0.1).

using (2.0.2), we have,

lu(t) H—H/ P(a(s))) ds

s/"me@»—Fw@»wds
<L/W| ()] ds.

ngA¢@uwmmww:w@—a@w

That is,

21
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Let f(t) = fot ¢(s)ds. Then f'(t) = ¢(t). Therefore, from (2.0.11), we have

=f'(t)— Lf(t) <0. (2.0.12)
Let h(t) = e Lt f(t). Then

()= e " f(t) — Le™™ f(1)
= M(f'(t) = Lf(1))
<0.

Thus h(t) is a non-increasing function. So we have

h(t) <0, foranyt >0
= e M f(t) <0.

But e > 0, so it must be that f(¢) < 0. Again,

¢ ¢
= ds = —u(s)| ds > 0.
70 = [ oops = [ ) = uis) s >
Therefore, f(t) =0 for all ¢ > 0. That is,
¢(t) < Lf(t)=0

= o¢(t)=0, vVt >0
= ¢ =0.

Thus, we have shown uniqueness of the solution. This concludes our proof.
[ |

Now we will go on to state and prove the Hille-Yosida Theorem. Henceforth, by
H, we will denote a real Hilbert space. First we will state and prove the following

lemmas which we will use during the course of the proof.

Lemma 2.1.2. Let w € C'([0,+00); H) be a function satisfying

d
d—I: + Ayw =0 on [0, +00) (2.1.a)
where Ay, = %([ — Jy) is the Yosida approzimation, and Jy is the resolvent of a

mazximal monotone operator A as defined in Section 1.1. Then the functions t +—

lw(t)] and t — |22(t)| are non-increasing on [0, +o0)
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Proof. First note that

()P _ [l +BP = ()

dt h—0 h
1
= lim o [(w(t + b, w(t + ) = (w(t),w(t))]
= }ligrg)% [(w(t +h),wt + h)) = (wt), w(t +h) + (w(t + ), w(t)) — (w(t), w?t))]

hml[( (£ 4+ h) = w(t), w(t + B)) + (w(t + h) — w(t), (L)
( t+h ) —w(t) w(t—i—h))—l—lim <w(t+h})l_w(t),w(t)>

h—0

:2( ;. ()). (2.1.b)

Since w satisfies (2.1.a), we have (dﬁ—f),w(tw = (—Ayw(t),w(t)) = — (Axw(t),w(t)).

Recall that (Ayv,v) > 0 for all v € H. Therefore,

dlw(t)?

L~ (yu(0), w(t)

IN
o

That is, |w(t)|? is an non-increasing function on [0, +00). Then, |w(t)| = (|w(t)[*)/?
is also non-increasing on [0, 400).

Since A, is a linear bounded operator we have

d /dw dw
| == — | = > (). .
dt(dt)—i_A’\(dt) 0,t>0 (2.1.e)

So, dw/dt satisfies (2.1.a). Using the same argument as that used in showing |w(?)|

is non-increasing, we conclude that |dw/d¢| is non-increasing.

d [d*w
— (=) +A4
dt(dtk)+ A

This is turn implies |4 dtk £| is non-increasing for any order k.

Moreover,

dk
(d—;:) =0,t > 0. (for any order k)
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Lemma 2.1.3. Consider a sequence of functions f, € C'([a,b]; H). Suppose the

sequence of functions % converges uniformly to a function g : [a,b] — H. If f.(to)

converges for some point to on [a,b], then f, converges uniformly to some function,
i : df _
f(say). Then f is differentiable and 35 = g.

Proof. A similar result holds for real valued functions (see Theorem 7.17 in [16]).For
our case, let’s fix some v € H. Denote h,(t) = (fu(t),v); h(t) = (f(t),v); hi(t) =
(g(t),v). Note that h!,(t) = (f!(t),v) and these are all scalar functions. So we can
apply Theorem 7.17 ( [16]) to conclude that the sequence of function h, converges
uniformly to the function h(t) = (f(t),v) and ' (t) = hi(t) = (g(t),v),Vt € [a,b].
That is, (f'(t),v) = (g(t),v). The choice of v € H was arbitrary. Therefore, f’'(t) =

g(t).
n

Lemma 2.1.4. Letug € D(A). Then for anye > 0, Jug € D(A?) such that |ug—1ip| <
€ and |Aug — Aug| < €. That is, D(A?) is dense in D(A) for the graph norm.

Proof. Take ug € D(A). Recall that D(J,) = H, R(J\) = D(A). Denote 1y = Jyug =
(I +XA) " ug. Then 1wy € D(A) and ug = 11y + AAdg.

Therefore, NAug = ug — ug € D(A) = Aug € D(A). But ug € D(A), Aug € D(A)
= Uy € D(A?).

Now recall that

J)\<AU) =Aw Y€ D(A),V A>0
and

A(Jyv) =Axw Yve HV A>0
Therefore, ¥V v € D(A), ¥ A > 0, we have
Jr(Av) = A(Jyw) (2.1.h)
Also, recall that limy_,o Jyv = v, V v € H. Therefore,

lim ’J/\'LLO — UO‘ =0
A—0
and

A—=0
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By the first inequality above , we have, for sufficiently small A,
‘U_O—U(]’:‘J)\UO—U()’ <e€ (211)
And by the second inequality. we have for sufficiently small A,

|J)\(AUO) — AUO| <€

=|A(Jyug) — Aug| < € (using (2.1.h))
:>|A'ZIO — AUO| <e€ (21J)
The equations (2.1.i) and (2.1.j) conclude the proof of the Lemma. |

Theorem 2.1.5 (Hille-Yosida). Let A : D(A) C H — H be a maximal monotone
operator, where H is a real Hilbert space. Then given any uy € D(A), there ezists a
unique solution, u € C'([0,+00); H) () C([0, +00); D(A)) to the following problem:

d
d—?%—Au:O on [0, +00)
u(0) = up. (2.1.1)
Furthermore,
u(®)] < [uol,

%(t)‘ = |Au(t)| < |Aug|, Yt >0,

Remark. Note that the space D(A) is equipped with the norm (Jv|? + |Av?])Y/2 or

with the equivalent norm |v| + | Av|.

Proof. First we prove the uniqueness part.

Suppose u and @ be two solutions to the system (2.1.1). Then, we have

W — —A(u—a).
Therefore,
(W,u = u) — — (A(u— 1), (u—u)))
<0 (since A is monotone, (Av,v) >0,V v € H.)

Let ¢(t) = u(t) — u(t). Then the above inequality reads
do(t)
(T, ¢(t)> <0.
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Note that |¢|> = (¢, ¢). We have

Ao Tl W~ o)
dt h—0 h

= lim - [(6(¢ + ), 8(¢ + 1) — (6(2), (1)
= tim 1 [(9(t 4 R), 6(¢ + 1)) — (8(0),0(¢ + 1)) + (8(t + 1), 6(1)) — (9(1), 6(1))
= tim - [(8(¢ + h) — 9(1), 6t + h)) + (8(¢ + h) — 9(1), 6(1)]
i (A0, ) 4 (A0 )
) (%’f), ¢(t)> (2.1.0)
< 0.

This means |¢(t)|? is an non-increasing function on [0, +00). Then for any ¢ > 0,
()7 < [6(0)* = [u(0) — @(0)]* = |uo — uo|* = 0.

Therefore, |¢(t)| =0, for any ¢ > 0. That is, ¢ = 0. This proves uniqueness.

Now we will prove the Existence part. We will use the following strategy. We re-
place A by A, in (2.1.1) and we use Theorem 2.1.1(Cauchy-Picard-Lipschitz) on the
approximate problem. Then using the fact that lim,_,q Ayv = Av and a number of

estimates that are independent of \, we pass on to the limit as A — 07.

Recall that |
|Ayv| < X|U| Vv € H and Y\ > 0.

That is, A, is Lipschitz with Lipschitz constant 1/\.
Using Theorem 2.1.1, we have that for any A > 0 there exists a solution (say wuy) of

the problem:
dw
dt
w(0) =uy € D(A),

(t) = —Ayw(t) on [0, 400),
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such that uy € C*([0, +00); H).

That is, for any A > 0,

dU)\
E(f) = —A,u,(t) on [0,4+00),
ur(0) = . (2.1.2)

Now using Lemma 2.1.2, we have |u,(t)| and |42 (t)| are non-increasing on [0, +00).
Therefore, for any ¢ > 0, |ux(t)] < |u(0)] = |up| and

dU)\ dU)\
— ()| < |—=—=(0
o< [t

= [Axua ()] < [Asua(0)] = [Axuo| < |Augl.

The last inequality holds because |Ayv| < |Av| Vv € D(A), VYA > 0. So we have the

following estimates:

un(t)] < Juo| V>0, YA >0, (2.1.3)
| Ayun(t)] < [Auo| V>0, VA > 0. (2.1.4)

Now, note that for any A\, u > 0, we have

du, du
E—d—:—FA)\'LL)\ AMUM—O
d _
—(U)\ Uu) + A/\UJ)\ — Auuu =0
dt
d(uy —u
= % = —(AAU)\ — AM“M)‘

Using the same argument as (2.1.b) , we have
1d d(uy —uy,)
st~ l = (T )
= —(Aun — A uy,, uy — uy,). (2.1.5)
Now,

(Ayuy — Ayuy, uy —uy,)
= (Axuy — Apuy, uy — Jhuy + Jhouy — Ju, + Ju, — )

= (Axuy — Apuy, (uy — Hhuy) — (uy — Juuy)) + (Anuy — Ay, Jhuy — Juy,).
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Recall that Ay = +(I — J)). Therefore,
Uy — J)\U)\ = (] - JA)U)\ = /\A/\UJ)\.
Again recall that Ayv = A(Jyv) Yv € H and VA > 0. Then we have,

(Axuy — Ayuy, uy —uy,)
= (A)\U)\ — A#u#, )\A)\UA — MA#U#) —+ (A(J)\U)\ — J#u#), J)\U)\ — J#u#)
> (Anuy — Ayuy, Myuy — pAuy,). (2.1.6)

The last inequality holds because A is maximal monotone and hence (Av,v) >0 Vv €
D(A). From (2.1.5), we have,

1d
~ o lun — Uu‘z = —(Ayux — Ay, ux — uy)

24 < —(Axux — Ayuy, NMAyuy — pAuy,) (from 2.1.6)
—A(Axun, Ayuy) + p(Axuy, Ayuy,) + MAuu,, Asuy) — p(Auu,, Ayuy,)
(A + ) (Axun, Aguy) = Al Avun® — p| A, ?

< (A + w)(Ayun, A+ M Avun® + pl Ay,

< (WA - [ Ay + Ay + ul 4,0,
(using Cauchy-Schwarz inequality)

< 20\ + )| Aug 2.

For the last inequality, we used the estimate (2.1.4). So we have

d
= fux =l < 40+ )| Auo?

Integrating the inequality with respect to t, we get

luy — w,? < 4t(\ + p)| Augl?
= uy — uu| < 24/t(A + p). (®)

It is obvious from ® that uy(t) converges uniformly as A — 07 on every bounded
interval [0,7"]. Note that each uy(t) € C([0 + o0); H). It follows from the uniform
limit theorem that the limit function u € C([0, +00); H).

By Lemma 2.1.2, if uy € C"([0, +00); H) satisfies %2 + Ayw = 0 on [0, +00), then
d dU)\ dU)\
— | == Al ——=]=0,t>0.
dt(dt)+ A(cht) h =
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Also from the proof of Lemma 2.1.2, we have uy € C*([0,400); H). Let’s denote
vy = dd%, then vy € C*([0,400); H) and %A + Ayvy = 0 Then

d(vy —vy)
T“ = —(Ayvy — A,).

Using the same argument as (2.1.b), we have

Now,

(Ayvy — Apvy, vy — vy)
= (Ayvy — Ay, vy — Jhoy + Loy — Jo, + Ju, —v,)

= (Ayvy — Au,, Moy — pA,v,) + (Ason — Aoy, Jaos — J,0,)
(since Ay = 1/A(I — Jy))

= (A)\U)\ — Auvu, )\A)\UA — MA#U#) + (A(J)ﬂ))\ — J#Uu), J)\UA — Jul}#)

> (Ayuy — Ay, Moy — ppAv,). (since (Av,v) > 0, A being monotone)
Therefore,
1d
5&% - Uu|2

= —(Ayuy — Ayu,, MAyuy — pAv,)
< |(Axva — Ay, Aoy — A,

< |Ayvn — A, - [ NAyvy — pALv,| (by Cauchy-Schwarz inequality)
< (lAxoa] 4 [Apva]) (A Axoa| + [ Ago). (2.1.7)
Again from the proof of Lemma 2.1.2, dd% = ‘djt“; is non-increasing on [0, +00).
Therefore,
duy duy
—Z ()] < |Axva(0)] = [Ax—=(0
20 < 1401 = 4520
= [AxAyu| = |ASug|

Now we assume that ug € D(A?), so, Auy € D(A). Since Ayv = Jy(Av), V v €
D(A), ¥ A> 0, we have

A?\UO == A)\(A)\UO) == A)\(J)\(AU/O)) == J)\A(J)\<AU0)) = J)\J)\A(AUO) == J§A2U0.
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Therefore,

| AJuol = |J3A%uo] < [Tl 2 [A%uo]
< |A%uq. (2.1.9)

The last inequality holds because |[J)[| ;g < 1 for all A > 0.

From (2.1.7) and (2.1.8), we have
1d
2dt
= 2(A+ p)| Ajuo|*
< 2(N + p)| APug . (from (2.1.9))

[ox — vu|* < 2| A%uol (A + 1) ASuo

Integrating wrt ¢, we have

[ua(t) — v (8)] < 24/t(A + )| Aupl. (2.1.9a)

Therefore vy — v uniformly on every bounded interval [0,7] as A — 0%. Since
vy € O([0,+00); H), v being the uniform limit of vy, satisfies v € C([0,T]; H) for
every T > 0, and hence v € C([0,+00); H).

So far we have, as A — 0*

ux(t) — u(t) uniformly on [0, T
d
%(t) — v(t) uniformly on [0,7], VT > 0. (2.1.10)

By Lemma 2.1.3, we have u has a derivative 9 and v(t) = $%(¢). Besides , since

dus e C([0, +00); H), and v(t) = (¢) is the uniform limit, it also holds that % €

C([0,4+00); H). And hence, u € C([0, +00); H).

Now note that we can write %2 (¢) + Ayuy(t) = 0 as

d
%(t) + A(Jyuy(t)) = 0. (since Ayz = A(Jyx) Vaxe H, VA>0)
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Recall that limy_,q Jyx = x. Therefore
| Jaua(t) — u(t)|
<|yux(t) — Jhu(t)| + | Jhu(t) — u(t)]
SNl oy [ua(®) — u@®)] + [Tau(t) — u(t)]

—0as A\ — 0"

That is,
Jur(t) = u(t) as A — 0. (2.1.11)

Again, from (2.1.10) and (2.1.11),

Furthermore, note that since u € C*([0, +00); H), Au(t) = =% € C([0, +00); H). It
follows that

|u(t) = ulto)|peay = lu(t) = ulto)] + [Au(t) — Au(to)|

—0ast—tyforalltg >0

Thus, u € C([0,+00); D(A)). Moreover, recall that from the derived estimates (2.1.3)
and (2.1.4), we have

un(t)] < Jug] YVt >0, VA >0,
| Ayun(t)| < [Au| V>0, YA > 0.

And passing on to the limit as A — 07, we have

u(t)] < |uo| V=0,
|Au(t)| < [Aug| V¢ > 0.

Now note that by Lemma 2.1.4, D(A?) is dense in D(A). Therefore, for any uy €
D(A), we can find a sequence (ug,) € D(A?) such that |ug, — uo|pcay — 0. That is,

|u0n — UQ| + |AUOn — AUO| — 0.
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That is, up, — ug and Aug, — Aug. By the preceding analysis, for every ug, € D(A?),

we know that the problem:

d
d—l;] + Aw =0 on [0, +00),
w(0) = ugp,

has a solution , say, u, which satisfies

[un(t)] < fuol
dun,
dt

Note that u,, — u,, is a solution to the problem

d
d_:f“_A'UJ =0 on [0, 4+00),

’LU(O) = Uon — Uom,
therefore, for all £ > 0, we have
|t () — um (t)] < |ton — voml,

du,
dt

du,,

dt

(t)‘ — |Aun(t)] < |Auo| ¥t >0.

(t) — ——(t)| < |Augn — Augm].

(2.1.12)

(2.1.13)

Since ug, — ug in H, (ug,) is a Cauchy sequence in H. Therefore given any € > 0 for

sufficiently large m,n, we have

| (£) = um ()] < [uom — uon| < €

That is, (u,(t)) is a Cauchy sequence in H. Thus (u,(t)) has a pontwise limit in H.

Let’s denote it as u(t) := lim,, o u,(t). Then from (2.1.12),

m

=un(t) = u(t)] < |uon — uol
Therefore, for any 7' > 0
sup |un<t> - U(t)| < |u0n — Up

te[0,7]
— 0 asn — oo.

Thus,

Un(t) — u(t) uniformly on [0,7] VT > 0.
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By a similar argument, we have from (2.1.13) ,

%(t) — ¢(t) uniformly on [0,7] VT >0 (2.1.15)
where ¢(t) is the pointwise limit of 442 (¢). Therefore by Lemma 2.1.3, it follows that
u(t) is differentiable and ¢(t) = 9%(¢) on [0, T for any T' > 0. Since u, are continuous
on [0,77], so is the uniform limit v on [0,7] V T > 0. That is, u € C([0,400); H).
Again, since u, € C'([0,+00); H), it follow that 9% (¢) € C([0,+00); H), and thus,
du(t) being the uniform limit , it follows that 9%(¢) is continuous on [0,T] V T > 0.

That is, 4%(¢) € C([0, +00); H). Hence,

7odt

u € C'([0,+00); H).

Now, we note that

Aun(t) = =520+ — 1)

and

un(t) — u(t).

But since A is a closed operator, it follows that u(t) € D(A) and Au(t) = —94(),
that is,
du

() + Au(t) = 0.

Moreover, note that Au = —3% € C([0,400); H). Also since u € C*([0, +00); H), we

have

|u(t) — u(to)|p(a)
= [u(t) — u(to)| + [Au(t) — Au(to)]
— 0 as |t — to] — 0 for any ¢ty > 0.

Thus,
u € C([0,400); D(A)).

This concludes the proof of the Theorem. [ |

2.2 Regularity of the solutions

It turns out that if one were to make additional assumptions on the initial data

ug, the solution to the system (2.1.1) in Theorem 2.1.5 (Hille-Yosida Theorem) is
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more regular than just C([0,+o00); H) () C([0,+0); D(A)). For that purpose we
inductively define the space D(A*) = {v € D(A*1); Av € D(A*1)}, where k > 2 is

an integer.

Claim : D(A*) is a Hilbert space for the scalar product

k
(u7 U)D(Ak) = Z(Aju7 Ajv);

J=0

the corresponding norm is

2

k
|U‘D(Ak) = (Z |Aju|2>
j=0

Proof. Note that (u,v)p(ar) being a finite sum of scalar products is indeed a scalar
product itself. Let (u,) € D(A*) be a Cauchy sequence. That is, given € > 0, 3 N,
such that V. m,n > N,

|[Un, — U | prary < €

= (ZlAj(un—um)|2> <e

= [ty — U |2+ [Auy — Aup|® + - + | APy, — A < €V omyn > N,
= Uy — Up|? < €

= Uy — Uy < €

This means u,, is also Cauchy in H. Then u,, converges to some limit ug € H. Similarly,
(Auy), (A%uy,), -+, (A*u,) are Cauchy sequences in H and hence they converge to the
limits, say wuy, ug, - - - , ug respectively.

Recall that A is maximal monotone and hence a closed operator. Note that
(u,) € D(AF) implies (u,) C D(A7) for j =0 to k. Now (u,) C D(A), u,, — up € H,
Au,, — uy € H. Since A is closed, this means ug € D(A) and u; = Auy.

Again, (u,) C D(A?%) and we just saw that Au, — Aug. Also, A(Au,) = A%u, — uy
Since A is closed, it follows that Aug € D(A) and uy = A?uy.

Repeating this argument inductively, it is clear that u; = AJug and Afug € D(A)
for j = 0 to k. This in turn implies that uy € D(A*). Thus the Cauchy sequence
() — ug in D(A*) and hence D(AF) is complete wrt the distance function induced

by the scalar product. |
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Theorem 2.2.1. Suppose uy € D(AF) for some integer k > 2. Then the solution u

to the problem (2.1.1):

% + Au =0 on [0, +0),

u(0) = uy,
satisfies
u € CFI([0,+00); D(AY)) Vji=0,1,--- k.

Proof. Assume first k = 2. Denote by H; the Hilbert space D(A) equipped with the
scalar product (u,v)p(a) = (u,v)+ (Au, Av) and the norm |u|pay = (Jul* +|Aul?)"/2.

Denote by A; the operator Ay : D(A;) C Hy — H; such that

D(A1) = D(A?),
Ayv = Av for v € D(A;) = D(A?).

We will show that A; is maximal monotone in H; = D(A).

Note that for v € D(A;) = D(A?%) C D(A), (Av,v) = (Av,v) > 0. Now, take
any f € Hy = D(A). Since A is maximal monotone, this means 3 v € D(A) = H;
such that u + Au = f. That is, Au = f —u. Now fu € H = Au= f —u € H;.

But v € D(A) and Au € D(A) imply u € D(A?). Thus for any f € H;, we have
found u € D(A;) such that u + Aju = u+ Au = f. So A; is maximal monotone in
Hy.

Consider the system

d
£ + Aju =0 on [0,+00),
u(0) = o, (2.2.1)

with maximal monotone operator A; in the space H;. So we can apply Theorem 2.1.5
to the above system to obtain a solution u € C*([0, +00); Hy) () C([0, +00); D(Ay)).
Note that u(t) € D(A;) = D(A?%) C D(A). So Aju(t) = Au(t). But then u satisfies

d
d—?+Au:O on [0, +00),

u(0) = up.

By the uniqueness of the solution obtained in Theorem 2.1.5, this w is the unique

solution to the system (2.1.1).
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So we have that u € C'([0, +00); D(A)) N C([0, +00); D(A?%)). Now we will show
that u € C*([0, +o0); H).

For any x € Hy with |z|g, = 1, we have

|'T|H1 = (xwr)fﬁ =1
2P + Az = 1
= |z]*=1-|Az]* < 1.

This is true for all € Hy such that |z|g, = 1. So, |Az| <1, V a € H; such that

|z| g, = 1 and therefore

sup |Az| < 1.
xr € Hy
|lz|m, =1

That is, when A is considered as an operator from Hj(as a Hilbert space with

(,)m,), it is a a bounded linear operator(hence continuous). In other words,

Again, we have from before that u € C([0,400); Hy). Therefore Au € C([0,+00); H).
We had previously shown that u € C([0,+00); D(A;)). Therefore,

u € C([0,4+00); D(A;))
= u(t) € D(A;) = D(A?
= Au(t) € D(A)

= ~ ) e D(A) = .
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Now,

o h
lim A < (t+h) —u(t))

h—0 h
= (lim ult+h) = u(t)> (since A is linear bdd, hence continuous)

h—0 h
L (du
o\t
d du
. E(Au) =A (E) (2.2.2)

Therefore,
d (du du
| — — _A _ - H
3 (5) =-4(5) e cro0ni
= % € C*(0,+oc]; H)
= u € C*([0, +oo]; H).
Also,

- d (d_u) + A <d_u) =0 on [0,400). (2.2.3)

Now we use induction for the general case k > 3. Assume the Theorem holds up to

order k — 1. Suppose ug € D(A*). We have shown above that the solution u of the

problem
d
d—? + Au =0 on [0, +00),
u(0) = uyo.
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satisfies :

u € C2([0, +00); H) [ C*([0, +00); D(A)),

d /du du
& (E) + A (—> =0 on [O,—l—OO).

dt
Let’s denote v = ‘é—?. Note that v satisfies the system:

%—l—Av—Oon [0, +00),
v(0) = ((11—1;(0) = —Au(0) = —Auy. (2.2.4)

By assumption, ug € D(AF). So —Auy € D(A*1). By Induction hypothesis the

theorem holds for the system (2.2.4) with v(0) = —Aug € D(A*"1). Then

v e CF ([0, 400); D(AT))  forj=0,1,--- k-1
d | |
= d—? € CF173([0, 400); D(AT))  for j=0,1,-- k—1
= u € C* ([0, +00); D(AY))  for j=0,1,--- k1.

Now we only need to verify that u € C([0,4+0c); D(A¥)). For j = k — 1, we have

u € C'([0, +00); D(AF)
N % € ([0, +00); D(AF1))
= Au € C([0,+00); D(A*1)).

So, we have, u(t) € D(A* ') and Au(t) € D(A*"1). Therefore, u(t) € D(A*) for

all t > 0. Note that
lu(t) — u(to |D n Z | A7 (u(t) — u(to))|* for any ¢, > 0.
And,

|Au(t) — Au(to)| par—1) Zw (Au(t) — Au(ty))|?

= Z | A7 (u(t) —u(ty))> for any to > 0.
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Therefore,

ult) — ulto) o = (Jult) — ut)? + |Aut) — Auto)bms)

1/2
= lim |u(t) — u(to)|pear) = (lim lu(t) — u(to))® + tli_gt |Au(t) — Au(to)\z)

t—to t—to
=0
(since u € C([0,+o0); H) and Au € C([0,400); D(AF1)).)

Therefore, u € C([0, +00); D(AF)). This concludes the proof. |

2.3 The case of self-adjoint operators

Suppose A : D(A) € H — H is an unbounded linear operator and D(A) is dense in

H, that is, D(A) = H. Define D(A*) to be the set of all f € H such that the linear
functional g — (f, Ag) extends to a bounded linear functional on all of H. Since
D(A) is dense in H, by Riesz representation theorem it follows that there exists a
unique h € H such that (f, Ag) = (h,g). We define the adjoint operator, A* of A

as A*f = h. Clearly, A* is also a linear operator.

An operator A is called symmetric if (u, Av) = (Au,v) YV u,v € D(A). An operator
A is called self-adjoint if D(A) = D(A*) and A = A*.

Claim 1: A is a symmetric operator if and only if

D(A) € D(A"),
A= A"on D(A).

Proof. (= :)

A is symmetric. That is, (u, Av) = (Au,v) for all u,v € D(A). Take f € D(A)

and the functional g — (f, Ag). Now, since A is symmetric, (f, Ag) = (Af,g) for all
g € D(A). Denote by T the functional:

T(9) = (Af,9) VgeH.
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Note that for g € D(A), T'(g) = (Af,g) = (9, Af). And thus T is an extension of the
functional g — (f, Ag) on all of H. Also, note that |(Af,g)| < |Af||g| by Cauchy-
Schwarz inequality. Hence, T" is a bounded linear functional that is an extension of
the functional g — (f, Ag) on all of H. Therefore by definition of D(A*), f € D(A*).
The choice of f € D(A) was arbitrary. So, we have D(A) C D(A*).

Again, by Riesz’s Representation Theorem, 3 h € H such that T'(g) = (h, g) for
all g € H. By definition, A*f = h. But T(g) = (Af,g) Vg € H. Therefore,

(Af,g)=(A"f,9) YgeH
= Af = A*f.

This is true for any f € D(A). Therefore, A = A* on D(A).

(=)
We have
D(A) € D(AY),
A= A"on D(A).
Take any u € D(A). Then u € D(A*). Then by definition of D(A*), the functional
g — (u, Ag) can be extended to a bounded linear functional T on all of H such that
T(g9) = (A*u,9) Vg€ H.
Now A= A* = T(g9) = (Au,g9) YV g€ H. So, for g € D(A),
T(g9) = (u, Ag) (since T is an extension of the functional)

= (Au,g) = (u, Ag).

Therefore, A is symmetric. |

Claim 2: If A is a self-adjoint operator, then it is symmetric.

Proof. A is self-adjoint. Therefore, D(A*) = D(A) and A = A*. Take any u €
D(A) = D(A*). By definition of D(A*), the functional g — (u, Ag) extends to
bounded linear functional, say 7" on all of H. Then T'(g) = (A*u, g) = (Au, g) for all
g € H. But since T is an extension , for all ¢ € D(A) , (u,Ag) = T(g9) = (Au, g).
Thus for all u,g € D(A), (u, Ag) = (Au,g). That is, A is symmetric. |
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Claim 3: Suppose T € L(H; H). Then T is symmetric if and only if it’s self-adjoint.

Proof. From Claim 2, we know that a self-adjoint operator is always symmetric. So
we only need to prove (= :)

T is symmetric. Therefore, (u,Tv) = (Tw,v) for all u,v € H. Then from Claim 1,
we have, D(T') C D(T*). That is, H = D(T) = D(T*) C H. Therefore, D(T) =
D(T*)=H and T =T* on D(T) = H. Therefore, T is self-adjoint. [

Theorem 2.3.1. Suppose A is a maximal monotone operator that is symmetric.

Then A is self-adjoint.

Proof. Denote J; = (I + A)~'. Recall that D(J;) = H, R(J;) = D(A), and
[Jillgery < 1. We will first show that J; is self-adjoint. Since J; is linear and
bounded, by Claim 3, it suffices to show that .J; is symmetric.

Take any u,v € H. Denote Jiu = uy, Jiv = v1.Note that uy,v; € D(A). Then
u = u; + Auy,v = vy + Avy. So, Auy = u — ug, Avy = v — vy. A is symmetric.

Therefore,

(uy, Avy) = (Auq, vy)
= (up,v —vy) = (u—ug,vp)
= (ug,v) — (ug,v1) = (w,v1) — (u1,v1)
= (Jiu,v) = (u, J1v)

Thus J; is symmetric and hence, self-adjoint.

Take any u € D(A*). Let f = u+ A*u, that is, f —u = A*u. Recall that from the
definition of adjoint operator, we have (u, Ag) = (A*u, g) for all g € D(A). Therefore,

(u, Ag) = (f —u,9) = (f,9) — (u, g), that is

(u, g+ Ag)=(f,9) Vge D(A). (2.3.1)
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Recall that D(J;) = H, R(J;) = D(A). Take any w € H. Then Jyw € D(A). Denote

v = Jyw. Then v + Av = w. Therefore, by (2.3.1),

(u,v + Av) = (f,v)
= (u,w) = (f, Jw) YweH.

Since we showed that .J; is symmetric, we have
(fa le) = (Jlfaw) = (U,U}) Vwe H.
Taking w = J1 f — u,

(Jlf, Jlf—u) = (u, Jlf—u)
= (Lf—u, Jif —u)=0

= Jlf = Uu.

Therefore, u € R(J;)

means, D(A*) C D(A). Again, since A is symmetric, by Claim 1,
D(A) € D(A"),
A= A"on D(A).

= D(A). Since the choice of u € D(A*) was arbitrary, this

Therefore, D(A) = D(A*) and A = A* on D(A) = D(A*). Hence, A is self-adjoint.

Theorem 2.3.2. Suppose A is a mazximal monotone operator that is self-adjoint.

Then for any uy € H, 3 a unique solution
u € C([0, +00); H) N C*((0, +00); H) N C((0, +00); D(A))

to the problem:

% + Au =0 on (0, +00),
u(0) = uo.

Furthermore, we have the following estimates:

lu(t)| < |up| Vt>0,
du
dt

0] = autt) <l v e0

u € C*((0,4+00); D(AY)  for all non-negative integers k, 1.
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Proof. First we show uniqueness. Suppose u and u are two solutions to the system
(2.3.2). We have

du du _
E_E+AU_AU_O on (0,+00)

N d(u — )

P = —A(u— 1)

<0. (since A is monotone, (Av,v) >0, Vv e D(A))

Denote ¢(t) = u(t) — u(t). Then similar to (2.1.® ), we get

Gy g (300
o =2 (“52.00)

<0 on (0,+00).

Therefore, |¢|? is non-increasing on (0, +0c). Since u,u € C([0,+00); H), ¢ =u —u

is continuous on [0, +00). Therefore,

6t + h)[* < |p(h)]? for h >0,V >0
= |o(t)]> < ]¢(0)]* =0,Vt >0
= ¢ =0 on [0, +00).

Thus the solution to (2.3.2) is unique.

Now we prove the existence part. Let us first assume that ug € D(A?) (that is
ug € D(A), Aug € D(A)). Let u be the solution to the system:

d
d—? on [0, +00),
u(0) = o,

obtained in Theorem 2.1.5. We will show that |% < %|u0| V ¢t > 0. Recall that
Jy = (]—|— /\A)_l has D(JA) = H and A, = %([ — J)\) has D(A)\) = D(J)\) =H.
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We showed in the proof of Theorem 2.3.1 that J; is symmetric. By a similar argument
it follows that J, is symmetric and hence by Claim 3, that J, is self-adjoint, that is,
Jy = J5. Now,

(Ayu,v) = (%(I Jy)u, v)
_1
A

(u,v) — /1\(J,\u v)

1
= X(u v) — —(u, Jyv) (since Jy is symmetric)

A
u, —(v— Jw))
u, Aw)

—~

Thus A, is symmetric and hence by Claim 3, it is self-adjoint as well, that is, A} = A,.
Consider the following approximate problem that was used in the proof of Theorem

2.1.5:

% + Ayuy = 0 on [0, +00),
u(0) = up. (2.3.3)

Recall that A, is Lipschitz, since |[Ayv| < flv|, Vv € HY A > 0. Then by
Theorem 2.1.1(Cauchy-Lipschitz-Picard), the unique solution uy to (2.3.3) satisfies
uy € C([0,+00); H). Now from (2.3.3),
dU)\
dt

= <%(t),u,\(t)) = —(Axux(t), ua(?)).

= _A)\UA

Again, similar to (2.1.®), we have,

1d <dU)\

3l OF = (G 0.00) = - (0. us(0),

Integrating wrt to t over [0, 7], we get

SO = O = = [ (us(t)us®)a
= S+ [ (Arun(0un ()it = leal’ (2.3.4)

Taking the scalar product of (2.3.3) with ¢4 | we have
duy |? d
Sy <Am(t), %(t}) — 0.

t
dt
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Integrating wrt to ¢ over [0, 7], we get

— ()

/T du
0

2tdt+/T Ayun (), 22 1)) gt = 0 (2.3.5)
dt T e -

Now,

d
— (Ayuy, uy)

dt

o (At ), wa(t £ ) = (Ayua (), (1)
h—0 h

— lim (AAU,)\(t + h) - A)\U)\(t), U)\(t + h)) - (A)\U)\(t), U)\(t + h) — U,)\(t))
h—0 h

i (AA <u,\(t+h) - u,\(t)) s+ h)) + i <Am<t>, up(t + h})L— u,\(t))

h—0

— (%’AAU/\) + (A)\u,\, %) (since A, is self-adjoint)

=2 (A/\UJ)\, %) . (2.3.6)

1
2
1 d T ytrrd
:5 |:t/ &(A)\U)\,U)\)dt}o — 5/0 </ E(A)\U)\,U)\)dt> dt
(using integration by parts)

:g(A)\UA(T)v ux(T)) — %/OT(A,\UA, ux)dt. (2:3.7)

By Lemma 2.1.1, t — ‘dd%(tﬂ is non-increasing. Therefore,

T 2 T
/ | vt
0 0

2
T2
- (2.3.8)

dU)\
—(T

dU)\

dU)\
- —2(T
3 7)

dt

2
tdt >

(t)
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From (2.3.7), we have

T
/ (A/\’LL,\, U)\)dt
0

= T(Ayux(T), ux(T)) — 2 /0 ' (Am, dg) tdt

2

T(Ayur(T), un(T)) + T? (:: (T) (using (2.3.8))
So, )
| v = T () (1) + 72| G (T) (23.9)
Now, from (2.3.4),
|“§|2 = Slua(T)P —|—/0T(A,\u)\,u)\)dt
2 %IUA(T)\Z + T(Ayux(T), ux(T)) + T %(T) (using (2.3.9))
That is,
[ur(T) + 2T (Axua(T), us(T)) + 272 | ()| < Jug
= (D)2 + 27 (Aser (T),un (1) + T2 | S2(0)| + 72| T2 (7)| <
= (T + 2T (Axu(T), us(T)) + T Axun (D) + 2| 2T < Juof?

(using duy/dt = —Ayuy)
2

du
. < Juo|?

d’LL)\
T
o D)

2
T) +T—2(T T
D)+ T+

2
< Jug|?

=

dU)\

T2
dt o

T)

d 1
é%@ﬁﬁfwm VI>0, VA>0. (2.3.10)

Recall that in the proof of Theorem 2.1.5, we showed that

duA du +
yr — T uniformly as A — 0

46



CEU eTD Collection

So, passing on to the limit as A\ — 07, we get

— (1) £ = VT >0.
)| < Fluol VT >

du ‘ 1

Recall from Lemma 2.1.4, we have D(A?) is dense in D(A). But here we also have
D(A) is dense in H. So, D(A?) is dense in H. Therefore for any ug € H, there exists

a sequence (ug,) C D(A?) such that ug, — ug. Now consider the problem:

d

U Aw=0on [0, +00),
dt

w(0) = ugy.

Thus by Theorem 2.1.5, the above problem has a solution, say u,, that satisfies u,, €
CH([0,+0); H)N C([0, +0); D(A)) and furthermore , we have the estimate |u,,(t)| <
|u|, ¥ £ > 0. Also from the preceding analysis, we have |4 (¢)| < {|ug,| , ¥V ¢ > 0.

Note that u,, — u,, is a solution to the problem:

dw
4 Aw =
dtJr w=0,

w(0) = upp — Ugm-
And thus, we have the estimates:

du, du,, 1
t) — ——(t)| < —|ugn — ugm|, t >0, 2.3.11
1) — L )] < g — v, 1> (2311)

[ (t) — um(t)] < |uon — wom|, t > 0. (2.3.12)

Thus u, — u uniformly on [0, 7] for every T" > 0. Note that u, € C*(]0,+o00); H),
and hence, u being the uniform limit is also continuous on [0,7] , ¥t > 0. That is,
u € C([0,400); H). From (2.3.11) and Lemma 2.1.3, we see that u is differentiable
on [0, T + 6] and = — 4 iy C([5,T + 6]; H) for any 6 > 0 and T > 0. Hence

du

(1) € C((0,+00): H).

This along with u € C([0, +00); H) implies that v € C'((0,+00); H). So,

u € C([0,+00); H) () C'((0, +00); H). (2.3.14)
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Again, note that

and
un(t) — u(t).

Since A is a closed operator (being maximal monotone), this means

du
u(t) € D(A) and Au(t) = —E(t)a
N %(t) + Au(t) = 0 on (0, +00).

Now we will prove that u € C*((0, +oc); D(A!)) for all non-negative integers k, [.
For that, we will first show that

u € C*I((0,+00); D(AY)) ¥V j=0,1,---  k for all integers k > 2. (2.3.15)
From (2.3.14), we have,

lu(t) — u(to)|p(a)
= (lu(t) = ulto)* + [Au(t) — Au(to)*)/?
—>Oas|t—t0|—>0, YV ty > 0.

This along with (2.3.14) shows that (2.3.15) holds for & = 1. We will proceed by
induction on k. Now assume (2.3.15) holds for all non-negative integers upto k — 1.

Recall that we have already proved the first part of the Theorem , that is, given
any ug € H, the problem:

i—,l;—’—Au =0 on (0, +00),

u(0) = g
has a unique solution u € C([0, +00); H) (N C*((0, +00); H) (N C((0, +00); D(A)), where
A is a maximal monotone and self-adjoint operator.
Now, let us denote, the Hilbert space H = D(AF~1) with the norm we introduced

in Section 2.3. Let’s define the operator A as follows:

A: D(A) C H — H such that

D(A) = D(A"),
A= Aon D(A).
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We claim that A is maximal monotone in H. For all v € D(A) = D(A*), we have

(Av,v) 5
(AU U) (Ak-1)
Z (A7(Av), Av)
7=0
k—1 ) i
=Y (A(AMv), Alv) (since A = A on D(A))
=0
>0 (since A is monotone)

Now, take any f € H = D(A*'). Then f is also in H. Since A is maximal
monotone, we have R(I + A) = H. That is, 3 v € D(A) such that v + Av = f.
f € D(A¥1) C D(A) and v € D(A) imply Av = f —v € D(A). Therefore,
v € D(A?). Proceeding with this same line of argument inductively, it follows that
v € D(A* 1) and together with f € D(A*!), this means Av = f —v € D(AF1),
that is, v € D(A*) = D(A).

Thus for any f € H, v € D(A), such that (I + A)v = f, that is, R(] + A) = H.
So, A is maximal monotone.

Also, note that for all u,v € D(A) = D(A*), (Au,v) = (Au,v) = (u, Av) =
(u, Av), since A is symmetric and A = A on D(A). Thus A is symmetric.

So by Theorem 2.3.1, A being maximal monotone and symmetric, is also self-
adjoint. Then by the first part of the Theorem, it follows that for any v, € H, the

system:
d N
d_v + Av =0,
v(0) = vo (2.3.16)

has a unique solution v € C([0, 4+-00); H) (N C((0, +00); H) (N C((0, +00); D(A)).

Note that by the induction hypothesis, the solution u of the first part of the
theorem satisfies u(e) € D(A*1) Ve > 0. Denote u.(t) = u(t + ¢) for t > 0. Then
putting v(0) = u(e), we see that u.(t) is the unique solution to the system (2.3.16) ,
and hence u, € C([0,400); H)(C((0, +00); H) N C((0,400); D(A)).
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In particular,

ue € C((0,400); D(A)) = C((0, +00); D(A*)) Ve>0
=u € C((e, +00); D(A")) Ve>0
=u € C((0,400); D(A")).

Therefore ug € D(A*) and u satisfies

du

— +Au=0
dt+ U ,
u(0) = wuo.

Then by Theorem 2.2.1, it follows that
u € C*9((0,400); D(AY)) Vj=0,1,--- k. (2.3.17)
Thus by induction, (2.3.17) holds for all integers k& > 2. And hence,
u € C*((0,+00); D(A")

for all non-negative integers k,[. This concludes the proof of the Theorem. [ |
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Chapter 3

Applications of Hille-Yosida
Theorem

So far we have presented the necessary tools in Chapter 1, and our central theorem,
the Hille-Yosida theorem and its related results in Chapter 2. Armed with all that,
we are now ready to investigate their applications to some real-world phenomena.
We will investigate three applications, namely, the Heat equation, the Wave equation

and the problem of coupled sound and heat flow in compressible fluids.

3.1 Heat Equation

In this section, we will investigate the Heat equation that describes the distribution
of heat (or variation in temperature) over time in a fixed region of space. First we will
establish some notations. Here we take Q0 C RY, an open set with boundary I' = 9.
We are concerned with the problem of finding a function u(z,t) : Q x [0,00) — R
that satisfies:

% —Au=0 on x(0,00) (3.1.1a)
u=0 on I'x (0,00) (3.1.1b)
u(z,0) = ug(x) on (3.1.1c)

where t is the time variable, and Au = Zfil % denotes the Laplacian in the space

variables ;.

Here u(x,t) is the temperature as a function of the spatial variables z; and time t,
% denotes the rate of change of temperature at a point over time. The heat equation
follows from Fourier’s law of conduction. The heat equation and its variations also

occur in other diffusion phenomena.
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(3.1.1b) is the Dirichlet boundary condition which means that the boundary, I" is
at zero temperature.

In order to apply the Hille-Yosida theorem, we will consider u(t) as the function
x +— u(z,t) that belongs to a space of functions depending only on z, say for example,
a function space H = L*(Q) or H = H}(Q). Also, for simplicity, we will assume (2
is of class C°, and I' = 012 is bounded. Now we will state and prove some results
regarding the existence, uniqueness and regularity of solutions to (3.1.1a - ¢). We will

follow the same argument presented in [2].

Theorem 3.1.1. Suppose uy € L*(Q). Then the problem (3.1.1a-c) has a unique

solution, u(x,t) satisfying

u € C([0,00); L*(2)) N C((0, 00); H*(Q) N Hy(Q)), (3.1.2)
u € C*((0,00); L*(Q)). (3.1.3)

Furthermore,
u € C®(Q x [e,00)), Ve > 0. (3.1.4)

Also, u € L*(0,00; H}(Q)) and

1 T 1
S I3+ [ 1Vu@)edt = ol ¥ T >0 (3.0.5)
0

Proof. Consider the unbounded linear operator A : D(A) C H — H, where

H - [2(9),
D(A) = H*(Q) N Hy (),
Au = —Au.

We know by Corollary 1.7.3 that A is a maximal monotone operator. Now for u,v €
D(A), we have by Green’s identity (1.6.2) ,

(Au,v):/g(—Au)v:/QVu-Vv,
(u,Av):/Qu(—Av) :/Qw-w.

This shows that A is symmetric as well. Then by Theorem 2.3.1, we have that A is

self-adjoint. So now, we can use Theorem 2.3.2 to conclude that the solution u to

d
d—?—i—Au:O on (0,00),
uw(0) =up € H
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satisfies

u € C([0,00); H) N C*((0,00); H) N C((0,00); D(A)), (3.1.7)
u € C*((0,00); D(AY) V k,1€N. (3.1.8)

Note that (3.1.5) is equivalent to (3.1.1a-c). The condition u = 0 on I' has been
incorporated into the definition of D(A) since u € D(A) C H}(Q2) = ulr = 0. Also
note that (3.1.2) and (3.1.3) follow from (3.1.7).

Note that D(A) = H*(Q) N H () = {u € H*(Q) | u =0 on I'}. Suppose

DA™Y ={ue H* 2lu=Au=---=A"?u=0o0on T} (3.1.9)
Recall that D(A') = {u € D(A"Y|Au € D(A"Y)}. Now, u € D(A™Y)
=uc H" 2 (Qu=Au=---=A"?y=00onT (3.1.10)
and Au € D(A™)
= Aue H*?(Q);Au=ANu=---=A"tu=0onT. (3.1.11)

By Remark 1.7.2, there exists a unique f, such that —Au +u = f, € H*72(Q) and
u € H*(Q) (since Q is of class C™ for all m € N). And then, from (3.1.10) and
(3.1.11), we can conclude that

DAY c{ue H*(Dju=Au=---=A"yu=0o0onT}. (3.1.12)
On the other hand,

uwe H(Qu=Au=---=A""y=0onT
= Au=-Auc H* % Au=---=A"?(Au) =0onT.

Thus by our induction hypothesis (3.1.9) we can conclude that u € D(A™!), Au €
D(A"Y), that is, {u € H*(Q)ju = Au = --- = A"ty = 0on T} C D(A). An

together with (3.1.12), this means D(A!') = {u € H*(Q)|ju = Au = --- = Al7ly

0 on I'} for all integers [ > 1.

oL

Now we will show that D(A') ¢ H? is a continuous injection for all integers [ > 1.

It suffices to show that [|u|[ = — 0 as [Ju[[ p 4 — 0 for all integers [ > 1.
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Recall that from Remark 1.7.2, we have that given u € H?(Q) N H} (), there exists
a unique f, € L*(Q) such that —Au + u = f,,. Moreover,

2 2 2
[l <202 (|Aull7 + llull72)
where C' is a constant that depends only on €2. For [ = 1, we have

[[ull pay = 0
= ||U||L2 ) HA“”L2 —0

= ||lul]| g2 — 0.

Thus D(A) C H?() is a continuous injection. Suppose that the statement holds for
[ — 1, that is, D(A""Y) ¢ H?72(Q) is a continuous injection. Now, take u € D(A') C
H?(Q) € H*%(Q). So —Au € H*72(Q). And in that case f, = —Au +u €
H?%72(Q). Hence from Theorem 1.7.2 and Remark 1.7.2, we can conclude that

||U||2 2 < 202 ||AU||2 21—2 + ||U||2 21-2 ) - (3.1.13)
H H H
Note that
lullpan = Z | 4ul]y,
= ||U'||L2 + ||Au||D(Al_1)
2 2
= [lullpgar-1y + [|AulZ2 -
Thus
[ull peary = 0
= |Jul| g2z, | Aul| 212 — 0 (from induction hypothesis)
= |Jull gz — 0. (from 3.1.13)

Thus we have shown D(A!) C H?(Q) is a continuous injection for all integers [ > 1.
Then by (3.1.7), we have

u € C*((0,00); H*(Q)) V k,l €N. (3.1.14)

It follows from Corollary 1.5.3, that given £ € N, there exists [ > k such that
H'(Q2) C C*(9Q) is a continuous injection. Then clearly, H*(Q) C H'(Q2) C C¥(Q) is

a continuous injection and from (3.1.14), we have
u € C*((0,00); C*(Q)) VYV keN.
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Hence we can conclude that

u€ C®Q % [e,0) Ve>0.

1

Now, consider the function p(t) = 3 u(t)||7,. We have already shown that u €

C((0,00); L*(2)) and thus ¢ is C*' on (0,00). Thus V ¢ > 0,
rn du
o) = (w0, 50
= (u(t), Au(t)) 2
= / u(t)Au(t)
0

= — / Vu(t) - Vu(t) (by Green’s identity (1.6.2))

= — || Vu(t)]7: -

Now integrating ¢'(t) on [¢,T] for 0 < € < T' < oo, we have
T
o1 - o0 = [ ot

- _/T [Vu(t)||7. dt. (3.1.15)

Now since u € C([0,00); L*(2)), ¢(€) — ¢(0) = I|luo/|3. as ¢ — 0. Then from
(3.1.15), we have

T
1
o(T) +/ IVu(t)||?, dt = 5 luol3. ¥ T > 0.
0

That is, (3.1.5) holds.

Recall that the norm on H'(Q) is:
lu() 2 = [IVu@)l[72 + )12

Therefore, for all T' > 0,
r 2 r 2 r 2
/0 lu(®)|%: = / V()2 df + / ()| dt
T T
_ / IVu(t)]2 dt + 2 / o(t)dt
0 0

1 T
=3 lluol72 + 2/ o(t)dt. (from (3.1.5))
0
And thus
u € L*(0,00; Hy (Q)). (3.1.16)
This concludes the proof of Theorem 3.1.1. [
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The solution u of (3.1.1a - ¢) becomes more regular if we make additional assumptions

on the intital data ug. We deal with this in the next theorem.

Theorem 3.1.2. (i) Suppose ug € Hy (), then the solution u of (3.1.1a - ¢) satisfies

u € C([0, 00); HY(R)) N L2(0, 00 H(Q)

and 5
U
— € L*(0,00; L*(2)).
0! ¢ 120,00, 17(9)
Furthermore, we have
o, |I? 1 1
/ S| dtt g IV = 5 IVl (3.1.17)
0 L2

i) Suppose ug € H*(Q) N HE(Q), then the solution u satisfies
0
u € C([0,00); H*(2)) N L*(0, 005 H(Q2))

and 3
a—l; e L2(0, 00; HY()).

(iii) Suppose ug € H*(Q)) Vk € N and satisfies the compatibility conditions
Aug=0 onI' VjeN (3.1.18)
then u € C=(2 x [0,00)).

Proof of (i). Consider the space H; = H}(Q) equipped with the scalar product

(u,v)le/Vu-Vv—i-/uv.
0 Q

Consider the unbounded linear operator A; : D(A;) C Hy — H; defined by

{D(Al) ={uc H} Q)N H&(Q)|Au € H&(Q)},
Aju = —Au.

Now for u € D(A,),
(Au,u)py = /QV(—AU)-VUA—/Q(—Au)u

= / |Aul® + /(—Au)u (using Green’s identity (1.6.2))
0 Q

= / | Aul? +/ |Vul? (using Green’s identity (1.6.2))
Q Q
>0
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Thus A; is monotone. Now take any f € H(€)). By Theorem 1.7.2 and Remark
1.7.1, we have that there exists a unique u € H3(Q) N Hg () such that —Au+u = f.
Again since f € H} (), this means Au € Hj(Q), this means Au € Hj(2) and so,
u € D(A;). Thus, R(A; +I) = Hy, that is A; is maximal montone. Now for all
u,v € D(A;), we have by repeated use of Green’s identity (1.6.2):

(Aru,v)y, = /QV(—AU) : VU—i—/Q(—Au)U

:/Q(Au)(mw/vu-w

:/Qvu.w—m)ifgu(—m)
= (u, Ayv), .

Thus A; is symmetric. Then by Theorem 2.3.1, we have that A; is self-adjoint. So

now we can use Theorem 2.3.2 to conclude that for uy € HJ (), there exists a unique

solution u to

du
E + Alu = O,
u(0) = uy,
which satisfies
u € C([0,00); H)) N CH(0,00); H) N C((0,00); D(Ay)), (3.1.19)
u € C*((0,00); D(AY) Y k1 €N. (3.1.20)

In particular, we have

u e C*((0,00); HY(Q)) VkEN

= u is C* on (0, 00).

Let ¢(t) = 3||Vu(t)||3.. Note that ¢ is C* on (0,00). Now,

1) = (ult). G(vu(e) )

= [ (va-vn)

_ /Q (Au(t))(%(t)) (by Green’s identity (1.6.2))
= /Q <%(t)) <%(t)) (since u is a solution of & — Ay = 0)
__ ' ) i (3.1.21)
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For 0 < e < T < o0, integrating on [¢, T'], we have from (3.1.21):

2

— 0. (3.1.22)
L2

du
E (t)

o) -0+ [

Now, from (3.1.19), we have u € C([0,00); Hy). Therefore, [[u(t) — u(to)||;, — 0 as
|t — to| — 0 for any ¢y € [0, 00). Recall that

lut) = uto) |z, = IV (ult) = ulto))llz2 + lu(t) = ulto)]7: -
Therefore,

[u(t) = ulto)ll g, =0
= [V (u(t) = u(to))|72 — 0

for any t, € [0,00). Thus Vu € C([0,00); L*(€2)). Hence we have that ¢(¢) — ¢(0) =
|| Vuol2; as € — 0. Then taking the limit as € — 0, we have from (3.1.22) that

du 2

=@ dt=o. (3.1.23)

o(T) — (0) + /

L2

That is, (3.1.7) holds. Now note that from (3.1.23), we have for all 7" > 0,
du, ||

[ 1auoia= [ |5

= ¢(0) — ¢(T)
< (0). (since (T") > 0,VT > 0)

dt

L2

That is, Au € L*(0,00; L*(Q2)). Recall that from Theorem 3.1.1, we already have
u € L*(0,00; H}(Q2)) and that implies u € L*(0, oo; L*(9)).
Now, recall that by Remark 1.7.2,
lull e < 207 (| Al + JJull72)
where C' is a constant that depends only on 2. Therefore, for any T > 0,
S ’ 2 e
[ <2 ([l ans [ i)
0 0 0
< 0.

The last inequality holds since u € L?*(0,00; L*(2)), Au € L?*(0,00; L*(Q2)). And
hence, u € L*(0, 00; H*(Q2)). This concludes the proof of (i).
|
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Proof of (ii). Here, we consider the space Hy = H?*(Q) N H () equipped with the
scalar product
(u,v) gy, = (Au, Av)p2 + (u,v) 2.
The corresponding norm is equivalent to the usual H? norm. To see this note that
lullfe = llullzs + D 1D 7z > lullze + | Aul7e = [lullg,
|a|=2

and

||u||§{2 <207 (||u||2LQ + ||Au||i2) (by Remark 1.7.2)

= 2C ||ullF,

Consider the unbounded linear operator Ay : D(As) C Hy — Hj defined by

{D(Az) — {ue HYQu e HI(R), Au e H(Q)},

Asu = —Au.

Claim 3.1.1: Let A : D(A) C H — H be a self-adjoint maximal monotone operator
on the Hilbert space H. Consider the Hilbert space H = D(A) with the scalar product
(u,v) g = (u,v) g + (Au, Av)g. Then the operator A : D(A) € H — H defined by
D(A) = D(A?)
Au = Au

15 a self-adjoint maximal monotone operator.

Proof of Claim 3.1.1. u € D(A) = D(A?) = u € D(A), Au € D(A). Therefore,
(Au,u) 7 = (Au,u) g
= (Au,u)g + (A(Au), Au) g
> 0. (since A is monotone)
That is, A is monotone. Now, take f € H = D(A) € H. Then Ju € D(A) such that

u+ Au = f since A is maximal monotone. Then Au = f —u € D(A), and hence
u € D(A?) = D(A). Therefore, R(I + A) = H, and thus A is maximal monotone.

Take u,v € D(A) = D(A?). Then,
(Au,v) g = (Au,v)g + (A(Au), Av)g
= (u, Av)g + (Au, A(Av)) g (since A is symmetric)
= (u, Av) .
Thus, A is symmetric and being maximal monotone, it is also self-adjoint by Theorem

2.3.1. |
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Continuing with the proof of (ii), recall that the operator A : D(A) C H — H
defined by

H = LQ(Q)a
D(A) = HA(Q) N HY(Q).
Au = —Au,

is self-adjoint maximal-monotone as shown in the proof of Theorem 3.1.1. Now, note

that here

D(A,) ={u € H*(Q)|u, Au € H)(Q)}
= {u € H*(Q)N Hy(Q)|Au € H*(Q) N Hy(Q)}
={u e D(A)|Au € D(A)}
= D(A?%).
Also, (u,v)g, = (u,v)r2 + (Au, Av)r2 = (u,v)r2 + (Au, Av)r2. Therefore, we can
apply Claim 3.1.1 to conclude that A, is self-adjoint maximal monotone. Then it

follows from Theorem 2.3.2 that the solution u to

du
{E + Asu =0 on (0, 00)
U(O) = ug € Hy
satisfies
u € C([0,00); Hy) N CH((0,00); Hy) N C((0,00); D(Ay)), (3.1.24)
u € C*((0,00); D(AY) V k,1 € N. (3.1.25)

In particular u € C*((0, 00); H*(Q)NH(2)) for all k € N. That is, u is C* on (0, 00).
Consider ¢(t) = 3 |Au(t)||,. Then ¢ is C> on (0,00). We have

¢ = (Bu(0), 3 (au)

- (8uw.acgm)
= (Au(t), A’u(t)),,

= - /Q(V(AU(t))) (V(Au(t))) (by Green’s identity (1.6.2))
= —[IV(Au(t))|l72

L2

(since &% — Au = 0)

For 0 < e < T < oo, integrating on [¢,T], we get
T

p(T) — p(e) = —/0 IV (Au(t))||Zzdt. (3.1.25)
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Note that from (3.1.24), we have u € C([0, 00); Hy). That means ||u(t) —u(to)||m, — 0
whenever |t — tg| — 0 for any ¢y € [0,00). Now,

[u(t) = ulto) | H, = 1A (u(t) — ulto))l|72 + [u(t) — ulto)]|7= -
Thus,

[u(t) = u(to) ||, = 0
= [[Au(t) — Au(to)||z2z — 0 for any tq € [0, 00).

Therefore, Au € C([0,00); L*(2)) and hence, p(e) — »(0) as ¢ — 0. Taking the limit
as € — 0 in (3.1.25), we get

p(T) = (0) = —/0 IV (Au(t)) |7z dt. (3.1.26)

Note that
[Au(t)| 3 = IV (Au(t)) |72 + [ Au(t)]17-.

Then from (3.1.26) and (3.1.5), we have for any 7" > 0,
! 2 1 2 1 o 1 2 2
| 1Au®)lndt = 51 Vuollze + 5 | Auollze — 5 (IVu(T)[Z2 + 1 Au(T)]72)
1 1
< SIVuol3a + 2 1 Au 2

Therefore,

ou 5 e
a_AueL (0,00; H'(2)) .

Recall that by Remark 1.7.2, we have
lu@®lzs < 2C*(lu@®) i + 1 Au)]7).

Therefore, for any T" > 0,

T T T
/ lu(t) |3t < 2C° (/ () et + / ||Au<t>u%pdt)
0 0
’ T T
< a2 ( | holiear+ [ ||Au<t>||%pdt)
0 0

< oQ.

The last inequality holds because u € L?(0, 00; H(£2)) as shown in the proof of Theo-
rem 3.1.2(i) and Au € L?(0,00; H'(2)) as shown above. Thus, u € L*(0, co; H3(£2)).

This concludes the proof of (ii).
|
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Proof of (iii). Consider the maximal monotone operator A : D(A) C H — H given
by

H = LQ(Q)a
D(A) = H*(Q) N Hy (),
Au = —Au.

Then by Theorem 2.2.1, given ug € D(A¥), there exists a unique solution u of

d
£+Au:00n [0, 00),

u(0) = ug
that satisfies
u € CFI([0,00); D(AY)) Vje€{0,1,--- Kk}

Recall from the proof of Theorem 3.1.1, that
DAY ={ue H*(D|ju=Au=---=A""=00nT}.

Then from the assumptions for (iii), it follows that uy € D(A*) for all k € N and

hence,

ue C*I([0,00); D(A)) Vje{0,1,---,k}, Vk € N.

Following a similar argument as in the proof of Theorem 3.1.1, we conclude that
u € C®(Q x [0,00)). |

Remark 3.1.1: The compatibility conditions ug € H*(Q) for all k € N; Afug = 0 for
all j € N are, in fact, necessary conditions for (3.1.1a-c) to have a solution that is
smooth upto ¢t = 0, that is, u € C*°(Q x [0, 00)).

To see this suppose the solution u of (3.1.1a-c) satisfies u € C*°(Q x [0, 00)). That
is, u has continuous partial derivatives of any order. So ‘gj—;j is continuous on Q2 x [0, 00)

for all j € N. Note that u = 0 on I" x (0,00). Therefore, % =0on I x[0,00). By

&y
f 5

continuity o we have

M ,
— =0onI x[0,00) VjeN. (3.1.27)
ots

Again,

Pu 0 ou 9
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in 2 x (0,00). By induction, we conclude that %J—;* = Ay in Q x (0,00) for all
j € N. Again, by continuity, % = Aluin Q x [0, 00). That also means %;‘ = Alu in
I' x [0,00). And from (3.1.27), it follows, for all j € N,

Ay =01in T x {0}.

That is,
ANyy=0onT VjeEN.

3.2 Wave Equation

In this section we will apply the Hille-Yosida Theorem to the wave equation. The
wave equation is a second-order partial differential equation used for the description
of waves.

Let © C RY be an open set with boundary I' = 9Q. We are concerned with
finding a function u(z,t) : Q x [0,00) — R that satisfies:

(9%u
w — Au = in O x (O, OO), (321&)
u=0 on I' x (0, 00), (3.2.1b)
u(z,0) = up(x) on £, (3.2.1c)
0
2 (2,0) = vo(z) on Q, (3.2.1d)
( Ot
where Au denotes the Laplacian of u in the spatial variables x1,--- ,zy, that is,
Au = Zf\i L g%‘, ug and vy are given functions. (g—; — A) is called the d’Alembertian

and often denoted by [.

For N = 1, and Q2 = (0, 1), % — Au = 0 models small vibrations of a string,
for N = 2, it models small vibrations of an elastic membranes. In general, it models
the propagation of a wave (acoustic, electromagnetic etc) in a homogeneous elastic
medium. At any instant of time ¢, the graph of the function ¢ +— w(z,t) represents
the configuration of the wave at that instant.

(3.2.1b) is the Dirichlet boundary condition that signifies that the string or mem-
berane is fixed on I'. (3.2.1c) and (3.2.1d) provide the initial conditions and are
referred to as Cauchy data. wg, vy represent the initial configuration and initial ve-
locity respectively.

For simplicity, we will assume throughout that €2 is of class C*> and that the
boundary I' = 02 is bounded. In order to apply the Hille-Yosida theorem, we will

consider the function ¢t — wu(x,t) represented by u(t) in an appropriate function space.
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Now, we will state and prove the following results regarding the existence, uniqueness

and regularity of solutions of the wave equation.

Theorem 3.2.1 (existence and uniqueness). Suppose uyg € H*(2) N HY(Q) and vy €
H}(Q), Then there exists a unique solution u of (3.2.1a-d) satisfying:

u e O([0, 00); H(Q) N HLQ)) N C([0, 00); HE(Q)) N C2([0, 00); LX),  (3.2.2)

(Here, we use the notation H%(t)”i2 = /5 %(t)|2dx; IVu)||7. = |, Vu(t) -
Vu(t)dz)

Furthermore,

2
+ Va7 = llvolZe + I Vol Z2, VE = 0. (3.2.3)

L2

ou
E(t)

Theorem 3.2.2 (regularity). If we further assume that the initial data ug, vo satisfies
ug, vy € H*(Q) Vk € N
and the compatibility conditions
Nuy=ANvy=0 onTl, VjEN
then the solution u of (3.2.1a-d) satisfies
u € C®(Q x [0,00)).

Proof. We can write (3.2.1) as a system of first order differential equations as follows:

%—v in 2 x (0, 00),
% = Au in Q x (0,00). (3.2.4)

Write U = (g), then (3.2.4) becomes
U _ (v _ (0 =1\ ([u
dt — \Au/) -A 0 v
= —AU
0 -1

-A 0
equipped with the scalar product

(Ul,UQ)H:/Vul'VU2d$+/U1U2dI+/U1U2dI
Q Q Q

where A = Now, consider the Hilbert space H = Hg(Q) x L*(Q)
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U; u
where U; = (Ui . Note that ||U|3; = ||ull3: + ||v]|32, where U = <v)

Take the unbounded linear operator A on H,
A:DA)CH—H

defined by
D(A) = (H*(Q) N H;(Q)) x Hy()

AU = ( N ) , whenever U = (u) .
—Au v

Now, we will show that (A + I) is maximal montone. For U = (Z), we have

(A+ DU, U)y
= (AU, U)g + (U,U)n

= /V( Vu+/—vu+/ —Au)v + |U|)%

= /vu—i—/u +/ |Vul* + / (using Green’s identity (1.6.2))
> /\Vu\2+/(u2+v2)—/ v ;_U (using —vu > —(u? +v%)/2)
Q

/|Vu|2 /u +o?)

Hence, A + I is monotone. Now, in order to show that A + [ is maximal monotone,

we will show that R(A 4 2I) = H. That is, given F = (g), we want to find

U= (Z) € D(A) such that (A+2I)U = F. Then we have the system, of equations:

—v+2u=f, on
—Au+2v=g, onf (3.2.5)

with w € H*(Q) N H}(Q),v € HY(Q). Putting v = 2u — f, (3.2.5) becomes
—Au+4u=2f+g. (3.2.6)

By Remark 1.7.1, there exists a unique solution u of (3.2.6). Taking v = 2u — f, we
have a solution U = z € D(A) such that (A+2[)U = F. That is, R(A+2I) = H,

and hence, A + I is maximal monotone.
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Now, denote A; = A + I. Note that D(A;) = D(A). Then by Theorem 2.1.5,

given Uy = (ZO) € D(A;) = D(A), there exists a unique solution, V' of
0

dt

d
i + AV =0 on [0,00),
V(O) - U(),

satisfying
V € ([0, 00); H) N C([0, 00); D(A)).
Now, let U(t) = €'V (t), Then for t € [0, c0),

w, v,
O =) +eV(E)

— e [0+ Vo)

— AV (1)
— AV (1)
= —AU(t).
That is, <& + AU = 0 on [0,00). Also, U(0) = V(0) = Up. Thus U(t)

the unique solution to

dt

gﬂLAU—O on [0, 00),
U(0) = Uy,

with
U € CY([0,00); H) N C([0, 00); D(A))

and (3.2.2) follows.

Now, note that

9 Y o |?
IVull}, = [ Vu-Vude= [ >
Q Q i=1

al’i axz

ol

Also, note that

(2 (2 ()
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Therefore,

g2 (2 (2 ()5 ()

Note that u(t) € D(A) = H*(Q) N H}(Q) and

ou
Wty =lr) € HY(©)
= %(t) =0onl
By Green’s identity (1.6.2), we have
0 ) ou
9 R BN , 2.
vl = [ (5 do (3:27)

Again,

0 (1 ov ou\ [ 0*u
5 (atie) = (5, = [(5) ()= w29

Adding (3.2.7) and (3.2.8),
o [ 0*u ou
() () o= 120 ()
du
ot

0 (1 9 1 2\
5 (3l + 51wl ) = [
82
=0.

(since 2 8t2 = Au)
Integrating wrt ¢,
a S
1||0u 1 1
-1 am 43 IVUDI = Flole + 31Vl
ou 2 2 2
= |15 D)+ IVu(Dlizz = llvollze + [[Vuollz2.
L2
That is, (3.2.3) holds. This concludes the proof of Theorem 3.2.1.
[

Proof of Theorem 3.2.2. Denote
Do d(u ue H(Q), Alu=0 on T, for 0<j < [£]
A\ lve HRQ), Ao =0 on T, for ,0<j < (551
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We claim that D(A*) = Dy, for all integers k& > 1. Indeed for k = 1, we have

D(A) = (H*(Q) N Hy()) x Hy(Q)

:{(Z> u€H2(8) u=0 on F}

ve HY(Q), v=0 on T
Suppose D(A*71) = Dy, (our induction hypothesis). Now, recall that

D(A*) = {U € D(A*1)|AU € D(AF 1)}
={U € Dy_1|AU € Dy_4}. (by induction hypothesis)

From U € D;_4, we have

‘ kE—1
ue€ H(Q),AMNu=0onT for 0 <j < {Tl : (3.2.10)
k—1 j ~ k-2
ve H(Q),Av=0onT for 0 <j< — | (3.2.11)
And from AU € D,_;, we have
ve HYQ),ANv=0onT for0<j < { } (3.2.12)
Au € H" 1 (Q),A 'y =0onT for 0 < j < {%} : (3.2.13)
From (3.2.13) and (3.2.10), we have
— Au+u € H(Q), (3.2.14)
A -1
Alu=0onTI for 0 <y < {kT} . (3.2.15)

Using Theorem 1.7.1 and Theorem 1.7.2, from (3.2.14), we have u € H*™(Q). This
together with (3.2.15) and (3.2.12) implies that U € Dy, whenever U € D(AF). That

is, D(A*) C Dy. It can be easily checked that U = (5) €Dy= Uc¢€D,,AU €
Dy_y. That is,

Dy C{U € D, 1|AU € Dy} = {U € D(A*"1)|AU € D(A* 1)}
= D(A"). (by induction hypothesis)

Hence, we can conclude Dy = D(A*). Thus, by induction, it holds that D(A*) = Dy
for all integers k > 1. In particular, we have D(A*) C H*(Q) x H*(Q2). We claim

that the above injection is continuous.
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For k=1, D(A) = (H*(Q) N H}(Q)) x Hi(Q). Recall that
10Dy = U5 + AU
Now,

N1 = [lull3n + vl32, (3.2.16)
AU = [0l + [|Au]Z.. (3.2.17)

Recall that by Remark 1.7.2,

lullzz < 2C* ([ AullZ2 + lullZ2)

< 2C%(|| Al + [|ull30). (3.2.18)
Therefore,
1U|pay =0
= |Jull g1, [|Au| Lz, [|0|| g — O (from (3.2.16) and (3.2.17))
= |Jul|fe + [[v]|3: — 0 (from (3.2.18))

= ”UHH2><H1 — 0.

Thus, D(A) C H*(Q) x H'(Q) is a continuous injection.
Suppose now D(A*1) ¢ H*(Q) x H*1(Q) (our induction hypothesis). Note that

k
||U||§)(A’€) = Z ||A]U||§1
j=0

= |0l B ey + 1A*U % (3.2.19)
U + AU iy (3:2.20)
Therefore,
Ul peary — O
= |[Ul[pear-1y = 0 (from (3.2.19))
= Ul grxmr— — 0 (from induction hypothesis)
= [lulla, (0] s — 0. (3.2.21)
Again,
Ul peary — 0
= AU p(ar-1y = 0 (from (3.2.20))
= |AU|| grxpr-1 — 0 (by induction hypothesis)
= [[vll e, [|Awl| -1 — 0. (3.2.22)
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Recall that by Remark 1.7.2

lullzrsen < 2C%(Au G + [lullFr-s)

Therefore,
Ul pary — 0
= |Jul| grr1, ||0]| e — 0 (from 3.2.21,3.2.22,3.2.23)
= [|U|| zr+1 e — 0. (since Uy pre = NullFpees + 0l13)

Thus, by induction D(A*) C H*1(Q)x H*(Q) is a continuous injection for all integers
k> 1.

Now, note that D(A*) = D(AY), where Ay = A+ I. It can be easily checked
that || - [[pax) and || - [|par) are equivalent norms in D(AF) = D(A¥). Now given
Up € D(A¥), by Theorem 2.2.1, we have that the unique solution, V of the problem

dVv
T + AV =0 onl0,00),
V(0) =T,

satisfies V € C*7([0,00); D(A])) V j€{0,1,---,k}. That is,
VECk_]([anO)aD(A])) \V/] 6{0717 7k}

Then the unique solution U(t) = €'V (¢) of the problem

dU
- tAU=0 on [0, 00),
U(0) = U,
satisfies
U € CF9(]0,00); D(A)) Vj € {0,1,--- Kk} (3.2.24)

Now, since by the assumptions on the initial data it follows that Uy € D(A*) Vk € N,
(3.2.24) holds for all £ € N.

Note that from Corollary 1.5.3, given any [ € N, 4 an integer m > [ such that
H™(Q) ¢ CYQ) is a continuous injection. Then clearly, so is H™(Q) ¢ H™(Q) C
C!(Q2). Choose k = [ +m,j =m. Then (3.2.24) reads

U € C'([0,00); H™H(Q) x H™(Q))
= U € C'(][0,00); C'(Q) x C'()). (3.2.25)
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Since (3.2.25) holds for any [ € N, it follows
U € ([0, 00); C*(Q) x C*(2))

That is,
u € C®(Q x [0,00)).

This concludes the proof of Theorem 3.2.2. |

3.3 Linearized equations of coupled sound and heat
flow

In this section we apply the Hille-Yosida Theorem to show the existence, uniqueness
and regularity of solutions to the initial value problem for the linearized equations of
coupled sound and heat flow. We follow the same argument presented by Matsubara
and Yokota in [12] but with some modified computations. We assume that €2 is a
fixed domain in RY and that I := 9 is bounded and smooth.

Formulation of the problem

The problem arises from the infinitesimal motions of a compressible fluid. In such a
fluid there can be a significant difference in temperature from one point to another
and hence, the effect of transfer of energy by thermal conduction cannot be ignored.
As formulated by Carasso in [3], the linearized equations for the conservation of mass,

momentum and energy are (c.f. [7], [15]) as follows:

(

ow .
E—CV'U

ou

E—ch—cVe

Oe

— =0cAe—(v—1

|2t oAe — (y—1)cV - u

where c is the isothermal sound speed, v > 1 ia the ratio of specific heats and ¢ > 0
is the thermal conductivity. For simplicity it is further assumed that the disturbance
is confined to the fixed domain €2 and that the ambient conditions prevail on the
boundary I'. This ensures e =w =0on I', V> 0.

Taking the divergence of the second equation and eliminating V - @ from the

system, we are left with the following equations for the unknown scalar fields, w(z, t)
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and e(x,t).

wy = AAw — 2Ae  in Q x (0,00), (3.3.1)
e, =0Ae— (y— 1w, in Q x(0,00).

Consider the following system of equations:

wy = AAw — AAe +mP*w  in Q x (0,00),

e, =ocAe— (y— 1w, in Qx(0,00), (3.3.2)

e=w=0 on I'x|0,00),

w(z,0) = wo(x), w(z,0) = vo(z),e(x,0) =ep(z) on Q,

where 0 > 0, v > 1, ¢ > 0 and m € R. We see that (3.3.2) is reduced to (3.3.1)

for m = 0. Carasso ([3]) analyzed the problem for the case with m = 0 by a least
squares procedure. Here, as in [12], we apply Hille-Yosida Theorem to the problem
(3.3.2) with m € R. We will state and prove the following results about the solution
to the system (3.3.2).

Theorem 3.3.1 (existence and uniqueness). Suppose wy,eq € H*(Q) N HY(Q) and
vo € HY(Q). Then there exists a unique solution (w,e) of (3.5.2) satisfying:

w € C(([0,00); H*(Q) N HY(Q)) N C([0,00); H(2) N C*((0,00); LX), (3.3.3)
e € C([0,00); H2(Q) N HL(Q)) N CY([0, 00); H(Q)) N C2([0,00); L2(Q)).  (3.3.4)

Furthermore, for some a > 0, the following estimates hold:

1

— el

2 1 2
lo@ll +  lo@®)ze +

1
< (uall + 3 lolle 4~ leoll ) ¥ 220, (3.35)

v—1

o) + =5 0 (0) + mle) = e}, + — 6= Dott) = ae(o)

1

1
< e <H’U0H§_11 +5 | Awg + m*wo — CQAeOHiQ

1
+ ﬁ H(’Y — 1)1]0 — O'Ae()H?{l) V t Z 0. (336)
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Theorem 3.3.2 (regularity). Suppose the initial data satisfy wo,vo, eo € H*(Q) V k €
N and the following compatibilty conditions hold:

Nwy=0 on T,VjeN,
Nuvy=0 on I, VjeN,
ANey=0 on I, VjeN.

Then the solution (w,e) of (3.3.2) obtained in Theorem 3.3.1 satisfies

(w,e) € C°(Q x [0,00)) x C°(Q x [0, 00)).

Existence and uniqueness of solution

Proof of Theorem 3.3.1. We can write (3.3.2) as a system of first order equations as

follows:
wy = v,
v, = EAw + mPw — *Ae, (3.3.7)
er =olAe— (y—1)v.
w
If we denote U = | v |, then (3.3.7) becomes
e
v
C(li—U = | PAw + m*w — e
t cAe — (y—1)v
—v
= — | —c2Aw — m*w + 2Ae
(v—1)v—ocAe
0 —1 0 w
= — [ — (A +m?I) 0 AA v (3.3.8)
0 (v=1I —0cA e
0 —1 0
If we denote the operator A = | —(c2A + m?I) 0 A |, then (3.3.8) be-
0 (v—1I —0cA
comes
dU
— =AU
dt
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Then we can rewrite (3.3.2) as the problem

%%—AU—O on (0,00),

Now, let us consider the operator A : D(A) C H — H, where D(A) = (H?*(2) N
Hi () x Hy () x (H*(Q) N H(Q)); H=H}Q) x L*(Q) x Hi(Q) is a Hilbert space
equipped with the scalar product

1 1 1
(Ul,Ug):/Vw1~Vw2+/w1w2+—2/vlvg+— Vel'V€2+—/€1€2
Q Q " Ja L Ja v—1Jq

’y J—
w;
where U; = | v; |. That is,
€;
1 1
(U1, Us) = (wy,we) g1 + E(Uh%)fﬁ + o 1(61762)H1-

So, the corresponding norm in H is given by

2 2 1 2
IOI™ = lwlla + = lollz. +

Before we proceed further, we first state and prove the following two claims.

Claim 1. A+ ol is a monotone operator for any positive constant,
a > max{|m|, (% +%) 2 <%+%> ’»%1}

Proof of Claim 1. Note that
1
(AU, U) /V Vw—l—/—vw—l—— (— 2Aw—m2w+c2Ae)v

/ V((y—1)v—ocle) - Ve+ —1 Q((’y —1)v —oAe)e. (3.3.9)

By Green’s identity (1.6.2), we have

/Q V(—v) - Vo — /Q AW, (3.3.10)

1 1
o1, V((y —1v—ocAe) = — Q((V — 1)v — gle)Ae. (3.3.11)
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From (3.3.9), (3.3.10) and (3.3.11), we have
(AU, U)

1
= / VAW — / vw+ = [ (= Aw —mPw + Ae)v
Q Q cJa
1
- — ((7—1)1}—0A6)A6—1——/ (v—1)v—ocle)e

:/vAw /vw /vAw— Uw—l—/vAe
P /vAe—— eAe—I—/
= <1+—) vw+—/|Ae\2 / e—— eAe
m2
= < —2) Uw+—/|Ae|2 /U€+—/|V€|2

(by Green’s identity)
> — ( )/vw—i—/ve (3.3.12)
Note that vw < |v||lw| < v tw? sve > —|vllel > —M, by AM-GM inequality.
2 2
Therefore, by Theorem (3.3.12),
1 m? 1
AU U > _ o 2 2\ _/ 2 2
(AU,U) > (24—202)/9(04—10) 2Q(v+e)

m2 1 m?2 1
1+ — 2 _ — 2_ 2, 3.3.13

Now take a positive @ > max{|m/, (3 + %),02 (1+ % ), (v = 1)/2}. Then from
(3.3.13), we have

..

((A+€11U§))/QU2 (%+g)/ ——/e +a/|vw|2
v fure [ 0 [iweps -
(Bl B G b

Thus, A 4+ al is a monotone operator for any positive

1 m? m2\ v—1
«a > max |’ITL|7 2+ﬁ 1+@ T .

5
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Claim 2. For a positive constant B > |m|, R(A+ pI)=H

f w
Proof of Claim 2. Take any F' = [ g | € H. We want to find U = | v | € D(A)
h e
such that (A+ SI)U = F. That is,
—v+ Bw = f7

— AAw — m*w + FAe + fu =g,
(v —1)v — cAe + fe = h.

Taking v = Sw — f, we have the following system:

— Aw + (ﬂ2_2m2>w+A€:6_;f+%,
c c c
— Ae+ ée—i— el 1)w = o= 1>f—|— ﬁ (3.3.14)
o o o o

Recall that by Remark 1.7.1, we have for any p € L*(Q) and any constant k& > 0,
—A¢ + k¢ = p has a unique solution ¢ € H*(Q) N H}(Q). We want to find constants
such that we can express 3.3.14 in the form —A¢ 4+ k¢ = p, where ¢ should be a

linear combination of w and e.

For simplicity, we rewrite (3.3.14) as

{ — Aw +nw+ Ae = fi, (3.3.15)
— Ae+ e+ 3w = fo, (3.3.16)

where M= 62—7712,,)/2 = 5773 = @7.}01 = c%f + c%7f2 = :%f_F g' NOWJ take some

c2

constant a to be fixed later. Multiplying (3.3.15) by a and adding it to (3.3.16) gives

us

(—aAw + aniw + ale) + (—Ae + e+ p3w) = afi + f
= — Alaw + (1 — a)e) + [(ay1 + 73)w + 12€] = afi + fo. (3.3.17)

Now suppose there exists a constant k such that ¢ = aw + (1 — a)e and k¢ =
(ay1 + v3)w + yoe. We will try to find out if such constants a, k exist. So we have

k(aw + (1 — a)e) = (ay1 + v3)w + Yae.

76



CEU eTD Collection

Comparing the coefficients of w and e,

nths_ 2 g (3.3.18)

a 1—a

That is,

(1 —a)(an +v3) = a2

= am + s — @’y —ays = ay

= 710> + (2 +v3 —y1)a —y3 = 0. (3.3.19)
The discriminant D of the above quadratic polynomial is D = (vo +73 —71)% + 47173.
Note that v = ,82;27112 > 0 for > |m|, 73 = @ > 0 since v > 1,0 > 0,

Yo =2 > 0. Thus D > 0 and the equation (3.3.19) has two distinct non-zero, real

g

solutions (non-zero since 3 > 0). Let us denote the two solutions as a; and ay where

. —(v2+75 —m) + VD
B 2m 7
(v2+73—m)— VD

2m '

a1

[

Clearly, a; > 0 since /(72 +73 —71)2 + 47172 > |72 + 73 — 71|. Let us denote the
values of k corresponding to a; and as as:

ayi+7 )2

k’lz

ay B 1— 3] ’
foo — a1+ e
y = = .
s 1—ay
Then,
by = amts 0, (since ay,y1,73 > 0)
3]
2

fy = 2 RERE > 0. (since 71,72,73 > 0)

l-a g4+t VD
Thus indeed there exist positive constants ky, ks corresponding to constants a; and
as. Note that by Remark 1.7.2, the equations

— A¢1 + ki1o1 = arfi + fo,
— Ay + koo = asfi + fo

have unique solutions ¢y, ¢o € H*(Q2) N Hy(Q). But by (3.3.17), ajw + (1 — a1)e and

asw + (1 — ag)e also satisfy the above equations. Thus by uniqueness we have

¢ =aw+ (1 —ay)e,
o = asw + (1 — ag)e.
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Then we get,
(1 —ag)pr — (1 —a1)po

(1 — (Ig)al — (]_ — al)ag
a1 — a109

(1—ay)as — (1 —ag)ay’

I

e =

w
Clearly, w,e € H*(Q)NH}(Q). Putting v = Bw—f, we have found U = | v | € D(A)
e
such that (A+ BI)U = F. That is, R(A+ 1) = H. |

Now, continuing with the proof of Theorem 3.3.1, if we choose

1 m? m? -1
a>max{|m|, (54-@) ,02 (1‘1‘@) ,77}

and = a+ 1, then § > o > |m| and by Claim 1 and Claim 2, A+ oI is maximal

monotone. Denote A; = A 4+ al. Consider the problem

Cil_‘t/ + A4 V=0 on [0,00),
V(0) =U(0) € D(A;) = D(A). (3.3.20)

Since A; is maximal monotone, by Hille-Yosida Theorem (Theorem 2.1.5) , (3.3.20)

has a unique solution

Ve Cl([o’ o0); H) N C([0,00); D(A))

Remark 3.5.1. Recall that in the proof of Lemma 2.1.2, we showed that if w satisfies

dw
— 4+ Aw=0
pp + Ayw (®)

then t — |w(t)| is non-increasing. We also showed that if w satisfies ®, then
d (dw dw
i ()= () =0
Then we also have
d [dw dw
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and t — ‘%(t) +Ozw(t)‘ is mon-increasing. Using this and following the proof of

Theorem 2.1.5, we would have the estimate

I=Au(t) + au(®)|| < [|=Aup + auol| -

From Remark 3.3.1, we have the following estimates for the solution V' of (3.3.20),
fort >0
VI < 1ol (3.3.21)

and
|=AV(t) +aV ()| < [[-A1Uo + alo||
= |—AV () — aV (1) + aV Q)| < ||[—AUy — aly + ol
= AV (@) < [[AT|| - (3.3.22)

Taking U(t) = e*V (t), we have

%(t} = e [%(t) + aV(t)}

=™ [-AV (1)) (from (3.3.20))
= —A(e™V(t)) = —AU(t).

Thus,

dU
E@) + AU(t) =0 on [0,00),

U(0) = v(0) = U

Therefore, U(t) = eV (t) is the unique solution to the problem

%—FAU:O on [0, c0),
U(0) = Uy,

satisfying U € C1([0,00); H)NC(]0,00); D(A)) from which (3.3.3) and (3.3.4) follow.
Besides, from the estimates (3.3.21) and (3.3.22), we have

IU@ = e [V < ™ Ul
IAU@)II® = e AV ()* < e || ATy |*,

from which (3.3.5) and (3.3.6) follow. This concludes the proof of Theorem 3.3.1. W
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Regularity of solution
Proof of Theorem 8.3.2. Recall that we define D(A*) inductively as follows
D(A") = D(A); D(A*) = {U € D(A*")|AU € D(A*")}.

We sill show by induction that
w\ |we H*1(Q), Alw=0 on I' Vj0<j<
D(A*) C Dy, = v |lve H¥Q), Av=0on I Vj0<j<
e)le€ H(Q), Ale=0 on I' Vj,0<j<

(]
heal
5]

For k = 1, we have

D(A) = (H*(Q) N Hy(Q)) x Hy(Q) x (H*(Q) N Hy ()
w\ |we H(Q), w=0 on '

= v | |ve HFQ), v=0 on I' » =Ds.
e)|le€e H(Q), e=0 on I

Then, D(A) C D;. Now suppose D(A*) C Dy. For k + 1, we have

D<Ak+1)
={U € D(A*) C D, | AU € D(A*) C Dy}
w\ |we 1 (Q), AMw=0 on I' Vj,0< ;<[]
- v |lve H¥ (), Alv=0 on I' Vj0<j< |51
e)|ee H(Q), Ae=0 on I' Vj0<j< (5]
—v € H'(Q), A(—v) =0 on I',vj,0<j < [3]
w\ |—cAw — m?w + Ae € HH(Q),
A (=c*Aw — mPw + 2Ae) =0 on I,Vj,0< j <[5
(v = Dv —oclAe € H1(Q),
Al((y=1)v—0Ae)=0 on I'Vj,0<j< [£]

D)

®

(3.3.23)

Note that we have —v € H**1(Q). This together with (y — 1)v — 0cAe € H¥1(Q)
implies Ae € H*1(Q). Also we have e € H*"1(Q)). By Remark 1.7.1, 3 a unique
fo € L?(2) such that —Ae + e = f.. But then f. € H*"(Q) and by Theorem 1.7.2,
e € H*3(Q).

Again, note that we have —c?Aw — m?w + *Ae € H*(Q), w € H*(Q) and
Ae € H*1(Q). These together imply Aw € H*(Q). And by a similar argument as
above, we have w € H*2(Q).

From (3.3.23), we also get Ale = 22Ny = 0 for 1 < j < [k/2] + 1. This
together with AJe =0 on T for 0 < j < [k/2] gives us

ANe=0onT for0<j< {%] .
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Again, we have A/Tlyw = M =0on T for 0 <j < [571]. That is,

ANw=0onT for 0 <j < [ } +1= [%} This together with AJw = 0 on I for
0 <j < [k/2] gives us that

Ajw:Ooanor0§j§ E}:{%}

And hence, we conclude that D(A*™!) C Dyyy. Thus by induction, D(A*) C Dy, V
integers k > 1. In fact, we have D(A*) = Dy. In particular note that

D(A*) C HFH(Q) x HF(Q) x H"(Q).
We make the following claim.

Claim 3. D(A*) C H*Y(Q) x H(Q) x H*Y(Q) is a continuous injection ¥ integers
kE>1.

Proof of Claim 3. We will use induction on k. For k = 1, we have D(A) C H?*(Q) x
H'(Q) x H?(2). Note that by Remark 1.7.2, we have

[wlfe < 2CF (|Awz: + [lw]72)

<207 (| Awll7z + wlf) (3.3.24)
lel3= < 2C5 (|Ael72 + llell7)

< 203 (el + el3) (3.3.25)

where C; and Cy are constants depending only on Q. Recall that in D(A) we have

the norm
U Deay = U + 1AU* (3.3.26)
(
w
Note that for U = | v |,
e
2 2 1 9 1 9
WOI™ = lwllm + Z lollze + —— llell (3.3.27)

1
JAU|? = ||—v||?n + A Aw — m*w + C2Ae||i2 + po— (v = 1) — alel3: .

(3.3.28)

o
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Now if ||U]|p(4) — 0, then from (3.3.27) and (3.3.28), we have:

|lwl|l g — 0, (3.3.29)
lell 1 — 0, (3.3.30)
[0l g — 0, (3.3.31)
(v — v —cAe|| ;1 — 0, (3.3.32)
|—¢®Aw — mPw + ?Ael|,, = 0. (3.3.33)
From (3.3.31) and (3.3.32), it follows that
[Aell. =0 as [[Ulp4 — 0. (3.3.34)
From (3.3.34), (3.3.33) and (3.3.29), we get
[Aw|[z =0 as ||U[|p — 0. (3.3.35)
Then from (3.3.35) and (3.3.24), we have
[wllge =0 as U4y — 0. (3.3.36)
Again, by (3.3.34) and (3.3.25), it follows
lell gz = 0 as [[Ull 4y — 0. (3.3.37)

Finally combining (3.3.37), (3.3.36) and (3.3.31), we have

2 2 2 2
||U||H2><H1><H2 = ||w||H2 + ||U||H1 + ||6||H2
— 0 as [[U|pa) — 0.

That is, D(A) C H?(Q) x H'(Q2) x H*(Q) is a continuous injection. Now, let’s assume
Claim & holds for k. Note that

k+1 ,
10D ey = D_ 114U
=0
2
= Ul D, + | AU (3.3.38)
= 1U1* + AU ar, - (3:3.39)
So from (3.3.38), we have
HU”?D(A’““) —0
= HUH2D(Ak) —0
= UGkt g pirs — 0 (by induction hypothesis)
Sl + NollZe + lelns — 0. (3.3.40)
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Now, from (3.3.39), we have

2
1Uparsry = 0

= ||AU||2D(A’€) — 0

= AU 201y e ppioss — O (by induction hypothesis)

= ||=v||3 e + | Aw + mPw — CQAGHZk + (v = D)v — oAe|[3rs — 0. (3.3.41)

From (3.3.40) and (3.3.41), we find
1wl g 0l grss 1Al g = 0 s U gy = 0.
Again, by Remark 1.7.2, we have

1AWl + fwl)
1AWl + i)
1 Aelz + llel)
1Al Fe + llellzeen) -

o[l pse < 2CF
<207
lellZse < 2C3
<203

/N /N /N A/~

So combining (3.3.44), (3.3.43),(3.3.42) and (3.3.40), we find

) s s 10l pme s lellzpnse =0 as U pansny — 0.

Therefore,

1O o ppire = lwllse + [0/l + el

=0 as [[U|[parrry = 0.

(3.3.42)

(3.3.43)

(3.3.44)

That is the injection D(A*1) C H*2(Q) x H*1(Q) x H*2(Q) is continuous. Hence,

by induction, Claim & holds.

Now we continue with the proof of Theorem 3.3.2. First note that D(A*) = D(A¥)
(where as before, Ay = A+al) and it can be easily checked that ||| p4r) and [|*[| pa)

are equivalent norms in D(A*) = D(A¥).

Now, given Uy € D(A*), by Theorem 2.2.1, we have that the unique solution V'

of the problem

d
d—‘t/—l—Alv— 0 on [0, 00),
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satisfies V € C*7([0,00); D(A])) ¥V j=0,1,...,k That is,
V e C*I([0,00); D(AY)) ¥V j=0,1,..,k.

Then the unique solution U(t) = eV (t) of the problem

%jLAU:O on [0, 00),
U(0) = U,
satisfies
U e CF9([0,00); D(A)) ¥ j=0,1,...,k. (3.3.45)

Now, since by assumption in Theorem 3.3.2, Uy € D(A¥) for all k € N, (3.3.45) holds
for all k € N.

Note that from Corollary 1.5.3, given any [ € N, 4 an integer m > [ such that
H™(Q) c CYQ) is a continuous injection. Then clearly, so is H™(Q) ¢ H™(Q) C
CY(Q). Choose k =1+ m,j = m. Then (3.3.46) reads

U € C'([0,00); H™(Q) x H™(Q) x H™(Q))
= U € CY([0,00); C'(Q) x C'(Q) x C'(Q)). (3.3.46)

Since (3.3.46) holds for any [ € N, it follows
U € C*([0,00); C®(Q) x C™®(Q) x C*°(Q)).

That is,
(w,e) € C°(Q x [0,00)) x C°(Q x [0, 00)).

This concludes the proof of Theorem 3.3.2.
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